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SLOW GRAPH BOOTSTRAP PERCOLATION I:
CYCLES

by David FABIAN, Patrick MORRIS & Tibor SZABO *)

ABSTRACT. — Given a fixed graph H and an n-vertex graph G, the H-bootstrap
percolation process on G is defined to be the sequence of graphs G;, ¢ > 0 which
starts with Gop := G and in which G, is obtained from G; by adding every edge
that completes a copy of H. We are interested in My (n) which is the maximum
number of steps, over all n-vertex graphs G, that this process takes to stabilise.
We determine this maximum running time precisely when H is a cycle, giving the
first infinite family of graphs H for which an exact solution is known. We find that
Mg, (n) is of order log;,_1(n) for all 3 < k € N. Interestingly though, the function
exhibits different behaviour depending on the parity of k and the exact location of
the values of n for which My (n) increases is determined by the Frobenius number
of a certain numerical semigroup depending on k.

1. Introduction

Introduced by Bollobés [6] in 1968, the H-bootstrap percolation process
(H-process for short) on an n-vertex graph G is the sequence (G;);>o of
graphs defined by Gy := G and

V(Gi) = V(G),
E(Gl) = E(Gi_1) U {6 S (V(2G)

for i > 1, where ny(G) denotes the number of copies of H in G. We call
G the starting graph of the process. Note that this process will stabilise at

) ‘ng (Gioq+e) > nH(Gi—l)} ,
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some point with G = G; = G441 = ... for some n-vertex G and t € N.
We call G the final graph of the process and if G= K,,, we say the process
percolates. The H-bootstrap process is linked to the notion to the study
of cellular automata, a deep topic introduced by von Neumann (see [16]).
Indeed, a common setup of a cellular automaton is to study the spread of
a virus through a (hyper-)graph where some vertices are initially infected
and the virus is passed on to other vertices at each time step according to
some local homogeneous rule. By considering the hypergraph whose vertex
set is E(K,) and whose edge set encodes copies of H, one can view the
H-bootstrap process as a cellular automaton. The literature on bootstrap
percolation is vast and the topic has been studied from many different
perspectives as the concept can describe important processes occurring in
physics, sociology and computer science (see for example [1]).

In recent years, this study has become prominent in extremal and prob-
abilistic combinatorics with techniques from these areas being successfully
applied to address key problems from other areas (see for example the very
nice survey of Morris [13]) as well as new lines of research in combinatorics
being motivated from this connection. In particular, inspired by analogous
questions for similar automata studied in physics [8], Balogh, Bollobds and
Morris [3] initiated the study of the H-bootstrap process (and coined this
terminology) when the starting graph G is the Erdés—Renyi random graph
G, p and asked for the threshold probability at which the process with
initial graph G, , percolates.

1.1. The running time of bootstrap processes

Most of the research on the graph bootstrap percolation process has
focused on whether or not the process percolates. Adopting the cellular
automata view of a virus spreading, this translates to asking whether or
not the virus will reach the whole population, which is certainly a natural
line of investigation. Here, we will rather be interested in how long the virus
will spread for, a question which one could also imagine being important in
applications. This perspective, however, has been considerably less explored
until recently.

We define the running time of the H-bootstrap process (G;);>o with
initial graph G to be 74 (G) := min{t € N: Gy = G¢41}, the time at which
the process stabilises. Bollobas posed the extremal question of determining
the mazimum running time of the H-bootstrap process.
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DEFINITION 1.1. — For n € N, we define My (n) to be the maximum
running time of the H-bootstrap process over all choices of starting graph
G with n vertices, that is,

Mg (n) == ‘Vr(rcl:z%‘x:n T (G).

The initial focus of research into maximum running times has been the
case when H is a clique. When H = K3 and G is a path with n vertices,
one can see that 7 (G) = [logy(n — 1)] as the distance between any pair
of non-adjacent vertices approximately halves at each step. Moreover, this
happens for any pair of vertices in each connected component of any initial
graph. As the n-vertex path maximises the diameter of an n-vertex graph,
we have 77(G) < [logy(n — 1)] for all n-vertex G and hence My (n) =
[log,(n — 1)]. For K4, the maximum running time is much larger. Indeed,
Bollobés, Przykucki, Riordan and Sahasrabudhe [7] and, independently,
Matzke [12] showed that Mk, (n) =n — 3, for all n > 3.

Bollobas, Przykucki, Riordan and Sahasrabudhe [7] also realised that the
running times could be even longer for K,-processes as r grows and they
gave constructions showing that Mg, (n) > n?~*—°M) for v > 5, where
A is some explicit constant such that A, — 0 as r — oco. However the
same authors believed that there was a limit to how long the K,-bootstrap
process could last, conjecturing that for all » > 5, Mg, (n) = o(n?). It
turns out that this conjecture was in fact false. Indeed, Balogh, Kronenberg,
Pokrovskiy and Szabé [4] proved that Mg, (n) = Q(n?) for all r > 6.

Interestingly, their construction could not be pushed to give quadratic
time for K3, but they could show that Mg, (n) > n?>~°() using a connec-
tion to additive combinatorics and a famous construction of Behrend [5]
giving large sets free of 3-term arithmetic progressions. Determining the
asymptotics of Mg, (n), and in particular, if it can be quadratic or not,
remains a very interesting open problem.

Recently, Noel and Ranganathan [14], Hartarsky and Lichev [11], and Es-
puny Diaz, Janzer, Kronenberg and Lada [9] extended the study of My (n)
to hypergraphs, their main focus being the case in which H is a clique.

1.2. The cycle bootstrap percolation process
In a series of papers, we will initiate a systematic study of the maximum
running time of H-bootstrap percolation processes as H varies. Whilst our

focus will predominantly be to study the asymptotics of the function My (n)
and its dependence on different properties of H, we begin our explorations
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by studying one family of graphs H in detail, namely cycles. In this paper
we determine the precise value of Mg, (n) for all £ > 3 and all n sufficiently
large, providing the first infinite family of graphs H for which an exact
running time My (n) is known. In fact before this work, the only functions
My (n) that have been fully determined for non-trivial choices of H are
when H = K3, H = K4 [12, 15] as discussed above and the 3-uniform
clique on 4 vertices minus an edge in the hypergraph setting [9].

THEOREM 1.2. — Let k > 3. For sufficiently large n € N we have

Mog,_1(n + k> — 4k +2)] if k is odd,

1.1 M =
(1.1) (1) { ﬂogkq (2n + K2 - 513)1 if k is even.

Remark 1.3. — In both the odd and the even case (1.1) only holds when
n is larger than roughly k(2) (with some work this can be improved to kk/2).
For smaller n the behaviour is different as a single k-cycle with a well-placed
chord achieves a longer running time than the general constructions.

As discussed above, the bootstrap process of the triangle on an n-vertex
graph has a running time of at most [logs(n — 1)]. The key observation
is that in the Kj3-bootstrap process the distance between two vertices is
roughly halved in every step. With this in mind it should not be surprising
that the maximum running time of the bootstrap process of Cy, for k > 3 is
asymptotically of the order log;,_; n. What is perhaps unexpected is that
the jumps of the monotone increasing function M¢, (n), i.e. those n € N
with M¢, (n+1) = M¢, (n) + 1, behave differently in terms of k¥ depending
on the parity of k. For odd k the jumps are close to powers of k — 1 while
for even k the jumps are near one half times powers of k — 1. Moreover, the
precise location of the jumps is determined by a quadratic function of &k in
both the even and odd cases. This function turns out to be controlled by the
Frobenius number of the numerical semi-group generated by k& — 2 and k,
that is, the largest natural number that cannot be expressed as an integral
linear combination of k — 2 and k with non-negative coefficients. This link
to an arithmetic problem of determining the largest gap in a numerical
semi-group presents itself naturally in the analysis of the Cj-process, as
the last edge to be added before stabilising will correspond to this gap.

As shown in [10], examples of H such that Mgy (n) is asymptotically
sublinear must have strong restrictions on their degree sequence. Indeed, it
is shown there that if every component of a graph H has minimum degree
at least 2 and maximum degree at least 3, then My(n) = Q(n). In the
case where both the maximum and minimum degrees are 2, that is, when
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H is a disjoint union of cycles, our second result shows that the maximum
running time is controlled by the largest cycle in H.

THEOREM 1.4. — Ifs > 2 and H := Cy, U---UCy, is the disjoint union
of cycles of lengths ki > - -+ > ks, then for sufficiently large n we have that

logy,, _1(n) — 1 < My(n) <log, _(n) + 6s°ki.

Organisation.

Necessary notation is given in Section 2 and some basic results on the
Ci-process are collected in Section 3. We prove Theorem 1.2 in Sections 5
and 6 after giving an outline of the proof in Section 4. Finally, in Section 7,
we establish Theorem 1.4.

2. Notation and Preliminaries

If H is a graph and v is a vertex of H then H — v denotes the graph
obtained from H by removing v and all edges incident to it, i.e.

V(H —v)=V(H)\{v}, E(H—-v)=E(H)\{e€ E(H):v € e}.

For an edge e € E(H) we define H — e as the graph obtained by removing
e from the edge set. For an edge e € E(K,y)) on V(H), we define H + e
to be the graph with vertex V(H +e) = V(H) and edge set E(H +¢) =
E(H)U{e}.

If G C G and X,Y are disjoint subsets of V(G’) we write

Ee(X,Y)={2y€e E(G):z € X,yeY}.

We write Ng(v) for the set of neighbours of v in G.

Paths

We denote the path on n vertices by P,, i.e.
V(P,) =10,...,n—1}, EP,)={{i,i+1}:0<i<n—1}.

The length of a path is its number of edges.
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Frobenius numbers

The Frobenius number F(x,y) of two positive, coprime integers z, y is
the largest natural number that cannot be expressed as an integral linear
combination of x and y with non-negative coefficients, i.e.

F(z,y) :=max(Z \ {az + By : o, 8 € Ng})
where Ny denotes the set of non-negative integers. The precise formula
F(z,y) = 2y — x —y is well-known. A thorough treatise of Frobenius num-

bers and their generalisations can be found in [2]. We are interested in
F(k —2,k) for odd integers k > 3, in which case the above formula gives

(2.1) F(k—2,k) =k* — 4k + 2.

If k is even we set F'(k—2, k) to be the largest multiple of ged(k—2, k) = 2
that cannot be written as an integral linear combination of k—2 and k with
non-negative coefficients, i.e.

k—2 k> k?

(2.2) F’(k?,k):2~F<2,2 =5 —3k+2

Sumsets

Given h € N and a set A of integers, hA denotes the h-fold sumset
hA:={a1+ --+ap:a1,...,an € A}

Graph bootstrap processes

Whenever the process (G;)i>o is clear from context, we say that a prop-
erty of a graph holds at time i if G; has that property.

Stable graphs

All graphs of an H-process on a given n-vertex graph G will be considered
as subgraphs of K,. We say that a graph G is H-stable if ng(G + ¢e) =
ng(G) for every e € (V(ZG)). For any graph G we define (G) y to be the final
graph of the H-process on G. A short induction shows that every H-stable
graph containing GG must also contain every graph of the H-process on G.
Therefore (G)p is the smallest H-stable graph in which G appears as a
subgraph.
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Graph homomorphisms

Given graphs G,G’, amap ¢ : V(G) — V(G') is a graph homomorphism
if for any e = uwv € E(G), we have that ¢(e) = ¢(u)p(v) € E(G’). In order
to signify the added condition that edges should map to edges we will write
graph homomorphisms as ¢ : G — G’. We say that a graph homomorphism
¢ is injective if ¢ is injective on V(G) and we say ¢ : G — G’ is a graph
automorphism if G = G’ and ¢ is injective (and hence bijective). We let
Hom(G, G') denote the set of homomorphisms from G to G’ and let Aut(G)
denote the set of automorphisms of G. The following observation shows that
injective graph homomorphisms are preserved through the graph bootstrap
process.

OBSERVATION 2.1. — Let ¢ : G — G’ be an injective graph homomor-
phism, and let (G;);>0, (G})i>o0 be the respective H-processes on G and
G'. Then ¢ € Hom(G;, G}) for every i > 0.

Proof. — The claim holds for ¢ = 0 because Gy = G, G, = G'. Let
i > 0 and suppose that ¢ € Hom(G;_1,G}_;). Let e € E(G;) \ E(G;_1).
Therefore there exists a copy H; C G; of H in G; such that H; —e C G;_;.
We have ¢(H;) — p(e) = p(H; — e) because ¢ is injective, and ¢(H; —e) C
G)_, since ¢ € Hom(G;_1,G}_,). Thus, p(e) € E(G}) by definition of the
H-process on G'. O

Two immediate consequences of Observation 2.1 are that G C G’ implies
G; C G} for all i > 0, and that Aut(G;) C Aut(Giy1), for all ¢ > 0.

3. The cycle process

In this section, we collect some simple observations and lemmas about
the Ci-process. Firstly, we reduce the running times on disconnected G to
running times on connected starting graphs.

OBSERVATION 3.1. — Let G be a graph with connected components
GW, ... G, and let (G;)i>0 be its Cy-process. Then G; = GEDU . ~UGES),
and hence

(G)e, = <G(1)>Ck U---u <G(S)>Ck7 and
70, (G) = max {76, (GM), ..., 7, (G}
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Proof. — Suppose that at some step in the process the number of compo-
nents decreases. Take the smallest 7 for which there exists an edge e € E(G;)
whose endpoints lie in distinct components of G. At time i — 1 there must
be path of length & — 1 between the endpoints of e, a contradiction. O

Any component with less than k vertices is Cy-stable and thus does not
affect the process. Therefore,

(3.1) Me, (n) = max{7¢, (G) : G connected, k < v(G) < n}.

For even k another graph property that is preserved throughout the process
is bipartiteness.

LEMMA 3.2. — Let 4 < k € 2N. If G is a bipartite graph with partite
sets X, Y CV(G), so is (G)¢

k-

Proof. — Let (G;)i>0 be the Cy-process on G, and suppose for a contra-
diction that the final graph was not bipartite. Pick the smallest ¢ for which
G; contains an edge e whose endpoints lie in the same part. Then there
exists a path of length k£ — 1 between the endpoints of e at time ¢ — 1, a
contradiction as k — 1 is odd. O

Next we show that if a graph G is not Cj-stable, then cycles will quickly
appear everywhere.

LEMMA 3.3. — Let G be a connected graph with 7¢, (G) > 1. Then in
the Cy-process on G every vertex is contained in a k-cycle at time 2.

Proof. — Let (G;);>0 be the Cy-process on G. Since 7¢, (G) # 0, there
exists a k-cycle C'in G;. Let © € V(G)\V(C), and let @ be a shortest path
from z to V(C) in G;. If Q has length at least k— 1 the first k vertices of @
starting from x form a path of length £ — 1 with endpoint x. If the length
of @ is smaller than £ — 1 we can extend @ to a path of length k£ — 1 using
vertices along C. In either case, the vertices of this path of length k — 1,
one of which is z, form a k-cycle in Gs. g

Our next result treats the case that the starting graph is complete bi-
partite with an extra edge.

LEMMA 3.4. — Let k > 3, and let 2,2 € V(K12 1k/2]1) be vertices
from the same partite set of K |1, /2 1x/21- Then ¢, (K| 2),1k/21+{22'}) < 2
and (K k2,121 +{22' o = K-

Proof. — Let G := K|1/2| /2] + {22’} and denote the partite sets of
K|k)2),1k/21 by X and Y such that | X| = [k/2] and |Y| = |k/2]. If k is odd,
then for any two distinct z, ' € X we can find a Hamilton path, which has
length k —1, from x to 2’ in K| /2),1x/21- Thus X is a clique after one step
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in the Cj-process on G. At time 1, X \ {z} and Y U {z} are partite sets of
a complete bipartite graph of size |k/2] and [k/2], respectively. Therefore
Y U{z} is a clique at time 2. This shows the claim for odd k. Now assume
that k is even, in particular, k& > 4 so both |X| > 2 and |Y| > 2. Since
|X| = |Y| we may further assume that z, 2’ € X. For any distinct y,y’ € Y
we can pick a Hamilton path from y to z in the complete bipartite graph
G —y' — 2’ and extend that path to a yy'-path of length k — 1 in G by 22’
and 2'y’. Then Y must be a clique at time 1. Analogous arguments show
that X is a clique after one more step and hence the claim follows. O

Finally we categorise the possible final graphs for connected starting
graphs that are not Cj-stable.

LEMMA 3.5. — Let G be a connected graph of order at least k+1 which
contains a copy of Cy. The final graph (G)¢, is a clique if k is odd or G is
non-bipartite, and a complete bipartite graph if k is even and G is bipartite.

Proof. — In (G)¢, the endpoints of any path of length k—1 are adjacent.
Therefore the shortest path between any two vertices has length less than
k — 1. Choose vertices vj, j € [0,k — 1], in G that form a k-cycle C' with
edges v;v;j41. Here and for the rest of this proof addition and subtraction
in the subscript are always performed modulo k — 1. Every = € V(G) \
{vo,...,vx—1} has a neighbour on C in (G)¢c, because a shortest path
from x to C in G can always be extended to a path of length k£ — 1 by
vertices of C. If zv; € E((G)¢,) then zvjv;_1...v;42 is a path of length
k—1s0zvj12 € E({(G)c,)- In the case that k is odd the above implies that
every vertex of C is adjacent to every other vertex of G in (G)¢,. Thus
for any two distinct vertices x,y € V(G) we can find a k-cycle containing
x but not y. Indeed if both « and y lie on C' we can replace y by a vertex
not on C' to obtain the desired cycle. In the case that neither z nor y is a
vertex of C' we can replace an arbitrary vertex of C' by x. Repeating the
above argument for such a cycle gives zy € E((G) ¢, )-

Now assume that k is even. Let

X:={v;:j=0 mod 2}, Y:={vj:j=1 mod 2}.

Then every vertex outside C' is adjacent in (G)¢, to all vertices in X or all
vertices in Y. Define

X {z EVIA)\V(C):Y C Nigyo, (z)} :
V' {z EV(G)\V(0): X C N<G>Ck(z)}.
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One of these two sets, say X'/, must be non-empty. For any z € X', y € Y’,

YUy . . . Vp—3x is an zy-path of length £ —1 in (G)¢, . Furthermore for any

J.j €10,k —1], withv; € X, vy € Y \ {vj_1,v;41} and any z € X’
VU541 -+ Vj_12V5/ 2 ...Vj41V5

is an vjv;-path of length k& — 1. Therefore (G)¢, contains a complete bi-

partite graph whose partite sets are X UX’ and Y UY". If G is bipartite we
are done by Lemma 3.2. Otherwise the claim follows from Lemma 3.4. [

4. Proof outline

We begin by discussing the leading term log;_;(n) in both the even
and odd case of Theorem 1.2. This logarithmic behaviour of Mg, (n) is a
consequence of the following key lemma which essentially shows a decrease
of the diameter by a factor of k — 1 in each step of the Cj-process.

LEMMA 4.1. — Let (G;)i>0 be the Cy-process on a connected graph
G = Gy, and let z,y € V(G). For each i > 1, the distance distg,(z,y)
satisfies
distg, (z,9) distg, (2, )

(k1) (k1)
When distg, (z,y) is a multiple of (k—1)* the upper bound can be improved
to

(4.1) < distg, (z,y) < { J +k—2.

distg, (2, )

(k—1)

Proof. — Observe that for any edge e € E(G;) \ E(G;—1) one can find a
path of length k — 1 between its endpoints in G;_;1. Given a shortest zy-
path in G;, replacing every edge on the path which is not present at time
1 — 1 by a suitable path of length k& — 1 yields an xy-walk of length at most
(k — 1) - distg,(z,y) in G;_1. From this we deduce that distg, ,(z,y) <
(k — 1)distg, (z,y) and thus distg,(z,y) < (k — 1)"distg, (z,y), which
gives the lower bound in (4.1). To obtain the upper bound on distg, (x, y),
write distg,_,(x,y) = g - (k — 1) + r for suitable ¢,r € Ny, 0 < r <
k — 2, and choose a path ug...u4k—1)4, from z to y in G;—1. In Gj,

(4.2) distg, (z,y) <

UQUK—1 - - - Ug(k—1)Uq(k—1)41 - - - Uq(k—1)+r 15 @ path of length ¢+ from z to
y. Since r < k — 2, we obtain

q-(k=1)+7—(k—2)

(4.3)  distg,(2,y) <g+7< k-1 Fhoe
_ distg,, (z y>1— (k—2) +k—2.
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We can bound the left hand side by just ¢ whenever distg, (x, y) is divisible
by k£ — 1. An inductive application of (4.3) yields the claim. d

Lemma 4.1 (as well as some of the simple results from Section 3) already
suffices to establish that log;_;(n)—1 < Mg, (n) < log,_;(n)+cx for some
¢ > 0. Indeed, for the lower bound, one can consider the path P, as the
starting graph and use Lemma 3.5 and the lower bound in (4.1) to exhibit
an edge that is eventually added but not until at least log,_;(n) — 1 steps
have passed. For the upper bound, one can use (3.1) and the upper bound
in (4.1) to reduce to the situation where all distances in the graph G; are
at most k — 1 after log,_;(n) steps. Then using Lemma 3.5 on appropriate
subgraphs of G; will show that after another ¢ steps, the process will
terminate, for some constant c; dependent only on k.

The main contribution of this paper is getting the exact expressions for
the maximum running times for both even and odd cycles. We split the
proof of Theorem 1.2 into an upper bound part, and a lower bound part.
The upper bounds will be established by the following theorem.

THEOREM 4.2 (Upper bound part). — Let k > 3, and let G be a con-

nected graph on at least k + 1 and at most n vertices with Cy-process
(G;)ixo such that (G)¢, # G. Define

[log)_y(n+ k? — 4k +2)|  if k is odd;

4.4 =r(n, k)=
(4.4) r=r(n,k) {ﬂogk—l (2n + k? — 5k)| if k is even.

If n is sufficiently large the following hold:

(i) If k is odd, then xzy € E(G,) for every distinct z,y € V(G).
(ii) If k is even and G bipartite with parts X,Y C V(G) then zy €
E(G,) foranyxe X, yeY.
(iii) For even k and non-bipartite G, we have vy € E(G,.) for any distinct
z,y € V(G).

We remark that by the definition of r, (2.1) and (2.2), r is the unique
natural number satisfying

(45) (k—1)""1'—Fk-2k <n-1< (k-1 —F(k—2,k),

when k is odd. Likewise
(k=1 = (k-1
2

n < (k—1)’“2—(1<;—1) —F'(k—2,k)+2,

(4.6) — F'(k—2,k)+2<n, and
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when k is even. Theorem 4.2 is proven in Section 6 and follows from a
delicate analysis. For parts (i) and (ii), we will identify an appropriate zy-
path and deduce the result by considering cycle processes on paths. For (iii),
which is the most challenging, this will no longer work. Using subpaths can
in fact get close to the result, even showing x and y are adjacent after just
r+1 steps. However, to get our exact result we need to take a more refined
look at the exact edges that are added and at what time, in order to have x
and y adjacent at time r. This leads us to consider walks instead of paths,
which locally behave like paths with respect to the process.

To obtain a lower bound of the form Mg, (n) > r we need to specify a
starting graph G and an edge e € (V(QG)) such that e is present at time r
but not at time r — 1. In view of Theorem 4.2 it suffices to give a pair of
vertices (from different partite sets if G is bipartite and k is even) that are
not adjacent at time r — 1. This is the content of the following theorem.

THEOREM 4.3 (Lower bound part). — Let k > 3, and let G be a graph
with Cy-process (G;)i>o. Define r as in (4.4), and set
(k=1 — (k= 1)
2
when k is even. Then the following hold for n sufficiently large:
(1) If k is odd and G = P,,, then {0, (k —1)""' — F(k—2,k)} ¢ E(G;)
fori <r.
(2) Ifk is even and G = P2 (see Figure 4.1) on £ +3 < n vertices then
for the vertices vy, w, € V(P?) we have that {v,,w,} ¢ E(G;) for
1< T

A7) C=L(nk):= Fl(k—2k) 1

wy

U1

Vo ve

Figure 4.1. A visualisation of P*.

Theorem 4.3 is proven in Section 5 via a careful analysis of when edges
appear in the cycle process. As with the upper bounds, the odd case is
easier and only requires an understanding of the process on paths. The
even case is more involved with pairs of vertices in P? behaving differently
depending on their location in P?. In our analysis, we have to capture the
idea of non-bipartiteness “spreading” from the triangle side of P2 along
the path and track the time at which it reaches certain vertices.
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We finish this section by explicitly deducing Theorem 1.2 from Theo-
rems 4.2 and 4.3.

Proof of Theorem 1.2. — We begin by proving the upper bound. We
assume that n is sufficiently large so that Theorem 4.2 holds and so that
r(n, k) > (g) Therefore we have that any k-vertex graph G stabilises in at
most r steps and so (3.1) tells us that we can restrict ourselves to connected
starting graphs on at most n and at least k + 1 vertices. When k is odd or
the starting graph is non-bipartite, then the desired upper bound follows
from parts (i) and (iii) of Theorem 4.2, which state that by round r our
process reaches the complete graph, which is Cy-stable. If k£ is even and
the starting graph is bipartite with parts X and Y, then part (ii) tells us
that at time r there is a complete bipartite graph between X and Y, which
by Lemma 3.2 must be the final graph of the process. To obtain the lower
bounds observe that ¢ < n — 3 for even k by definition of ¢ and r and that
the edges specified in parts (1) and (2) of Theorem 4.3 are not present at
time r — 1, but will be added eventually by Theorem 4.2 (in fact in the
next step). So the process is not finished after r — 1 steps. O

5. Lower bounds

In this section we prove Theorem 4.3, treating each part individually. In
both parts the following set will be convenient to get a handle on when an
edge appears in the Cg-process on a path.

(5.1) Ap={(k-1)'—-a-(k—=2)—B-k:a,B €Ny}

Note that when k is even, A; consists of odd numbers while for odd &
there is no restriction on the parity. The A; form an increasing sequence
with respect to inclusion because for any «, 5 € Ny,

(k—1) —a(k—2)— Bk = (k— 1) — (a+ (k—1)7) - (k—2) — Bk € Asy1.

Proof of part (1)

Let (P%);>0 be the Cy-process on P, and recall that we chose {0, ...,
n — 1} as the vertex set of P,.

LEMMA 5.1. — If zy € E(P?) for some x,y € V(P,),i > 0 then
y—x € A,
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Proof. — We prove the claim by induction on ¢ > 0.
i =0.— By definition all edges in P° are of the form {x,z + 1}.

i>1.— Let zy € E(P?). If zy was already present at time i — 1, the
induction hypothesis and the inclusion A;_; C A; give y —x € A;. Suppose
ry ¢ B(P1). Let vg,...,vx_1 be a path from vg := x to vp_; := y in
Pi~!. By the induction hypothesis there exist aq,...,0r—1,51,.-,Bk-1
such that v; —vj_1 = (k—1)""!' —a; - (k—2)— B, -k for j € [k —1]. Then

k—1 k—1
yfl':Z’Ujf’Uj_l :Z((kf].)iil70[]"(]%‘72)7&]"](7)
Jj=1 j=1

o kel k-1
— (k=1 =Y ay- (k=2 = 3 ik,
j=1 j=1

completing the inductive step. O

Lemma 5.1 assures that whenever d € N is an integer that cannot be
expressed as d = a(k — 2) + Bk for suitable o, 3 € Ny then (k —1)! — d
does not lie in A; and hence any edge zy with y — 2 = (k — 1)* — d cannot
be present at time i. Therefore the edge {0, (k — 1)"~! — F(k — 2,k)} is
not present in P"~! by the definition of the Frobenius number F(k — 2, k)
(see (2.1)). This shows Theorem 4.3 part (1).

Proof of part (2)

To show part (2) we recall the graph P2 defined by Figure 4.1 and assume
that n, and thus ¢, is sufficiently large so we do not run into degenerate
cases, say £ > 3. An important feature of the graph P2 for us is that it
is a non-bipartite graph that maximises the length of a shortest odd walk
between two vertices for fixed n.

Let (PA’i)l;o be the Cj-process on P2. Recall that our goal is to show
vewy ¢ E(PA7~1). To do so we will set up an analogue of Lemma 5.1 for
P2, Call an edge Vv, Vjwj or wiw, even is j — j' is even, and odd if
j— 7" is odd. Lemma 5.3 below is the analogue of Lemma 5.1 dealing with
odd edges, while Lemma 5.4 deals with the even edges. Both rely on the
following auxiliary statement and the assumption that k is even:

LEMMA 5.2. — For every i > 0, the largest j € [{] such that vj or w; is
an endpoint of an even edge in P?*" is at most (k —1)* — 1.
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Proof. — The only even edge in P20 is vowg so the claim holds for
i=0. Let i > 1 and suppose the claim holds for i — 1. Since (k —1)* — 1 >
(k—1)=1 —1 it suffices to show that whenever v; or w; is the endpoint of
an even edge in E(P~%)\ E(P2~1) one has j < (k—1) — 1. Let ujyuj,_,
be an even edge in F(PA%) \ E(P~*~1) and let uj, ...uj, , be a path in
P21 guch that uj, € {vj,,w;,} for 0 < t < k — 1. For parity reasons
there exists at least one even edge on that path. Let s € [k — 1] such that
Jjs — js—1 =0 mod 2. The first part of Lemma 4.1 gives

dist pa (uj,,uj, ) < (b — 1) distpai1(uj,,uj, ;) = (k— 1)1

for s+ 1<t <k—1. In P? we have distpa (uj,,uj, ,) = |j: — ji—1]- Now
the inductive hypothesis implies
k—1
Jer=Js+ D de— g < (k=17 =14 (k—1—s)- (k—1)""
t=s+1
<(k—1)"—1. O

Recall the definition of A; in (5.1).

LEMMA 5.3. — Let ¢ > 1 and j,j € [¢] with j # j' mod 2. If u; €
{vj,w;}, uj € {vj,w;} and ujuj € BE(P™?), then j — j' € A;.

Proof. — We induct on ¢ with ¢ € {1,2} being our base cases.

i = 1. — Any path of length k — 1 in P?° whose endpoints form an
odd edge in PA! must not use vowy because of parity, and thus misses at
least one of vg,wq. This implies j — j' € {—(k—1),—1,1,(k—1)} C Ay (cf.
base case of Lemma 5.1).

i = 2. — If ujuy is present at time 1 we are done because A; C As
and j — j' € A1 by the induction hypothesis. Suppose that the edge does
not lie in B(P™1). Let Q = uj, ...uj, , be a path in P! with jo = 5/,
Jrk—1 = j and uj, € {vj,,wj,} for 1 <t < k — 2. There has to be an even
number of even edges in ) because j — 7' is odd and @ has odd length,
and there cannot be more than two because the only even edges of P~
are vowy, voUk_2 and woui_o. If all edges of @ are odd we proceed as in
the inductive step of Lemma 5.1. Otherwise there are precisely two even
edges on Q. These two edges must share a common endpoint considering
that the even edges in P™! form a triangle. Let s € [k — 2] such that
uj,_,uj, and uj uj, , are the even edges. We have either j, 1 = js411 =0
or {js—1,7s+1} = {0,k —2}. For ¢t € [k —1]\ {s, s+ 1}, by induction choose
at, B € Ny such that j; — ji—1 = (k — 1) — ax(k — 2) — B:k. This allows us
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to express jx_1 — jo as follows:

Jer—do= D Je—Ji + Js— s+ dsr1 — s
telk—1]\{s,s+1}

= > ((k=1) —ay(k = 2) = Btk) + Jst1 —Js—1
telk—1]\{s,s+1}

=k-3)-(k—1)'— > (k- 2)

telk—1]\{s,s+1}

- Z Btk + Js+1— Js—1
telk—1]\{s,s+1}

(k= 12— X, au(k—2) — 5, Bk — 20k~ 2) — k,

if joy1 — Js—1 = —(k — 2);
(k=1)? =3 ok —2) = 32, Bk — (k= 2) — K,

if jo41 —Js—1=0;
(k=12 =X, ou(k —2) = 32, Bk — K,

if jsq41 —Js—1 =k —2.

Therefore jp_1 — jo = j — j' € As, as required.

i > 3. — We handle the case uju;; € E(P?"~1) as before and so assume
that uju; is an odd edge not in P21, Let u;, ... u , , be a uju;-path in
P21 where uj, € {vj,,w;,} for 1 <t <k—2,andlet J:={t € [0,k—2]:
Jt = jry1 mod 2}. Since j — 7' and k — 1 are odd, |J| must be even. If
J is empty, that is, if @) consists of odd edges we can again proceed as in
Lemma 5.1. Suppose that |J| > 2 and let s := minJ. Lemma 5.2 yields
js < (k—1)"1 — 1 while Lemma 4.1 guarantees j; — j;4+1 < (k — 1)""! for
t € [0,k — 2]. Therefore,

J—=J3 =Jo—Jjr-1<Jo
s—1
:js+2jt_jt+1
t=0
E—1)"t—14s-(k—1)"1

(

(k-1 14+ (k—3) - (k—1)"1!
=(k-1)7"—(k-1)"1=-1

(k—=1)" = F'(k —2,k).
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The last inequality uses (2.2) and ¢ > 3. We now have j — j' € A; by the
definition of Frobenius numbers and (2.2) and because (k — 1)* and j — j’
are odd. 0

LEMMA 5.4. — Let 1 <i <, and let j,j' € {0,...,¢} such that j = j
mod 2 and j+j > (k—1)'—(k—1)—2-F'(k—2,k) — 2. If u; € {v;,w;},
uj € {vj,wj} and ujujy € E(P™Y) \E(PAl 1), then there exist o,y €
Zs_1, B,0,\,pp € Ng with A+ u = (k—1)*"! — 1 such that

j=Mk—=1)—alk—2)-Bk and j =plk—1)—~(k—2)— k.

Proof. — We induct on 7 > 1.

Base case i = 1: The only even edges in E(P™!)\ E(P*°) are vovy_o
and wovg_». Both of them satisfy the hypothesis j+ 5’ > (k—1)' —(k—1)—
2-F'(k—2,k)—2. The claim now holds with either « = —1 and 3,7, d, A\, u
equal to zero or v = —1 and «, 3,9, A\, 4 equal to zero.

Inductive step: Let Q@ = wj,...u;,_, be a path in P2*~1 such that
Jjo =74, jk—1 = Jj', and u;, € {v;,,w;,} for 1 < ¢t < k — 2. We first show
that @ has exactly one even edge. The number of even edges in @ is odd
for otherwise we have j Z j/ mod 2. If i = 2 the only three even edges in
P21 are voug_a, Vk_swo and vowy. A path cannot contain all three of
them so @ has precisely one even edge. If ¢ > 3, suppose there are at least
three even edges in @ and let s,s" € [k — 1] such that w; uj,,, is the first
and wu; ,  uj_, is the last even edge in Q. Then s+ (k —1—s') <k —4. By
Lemma 5.2

Je< (k=11 =1, o< (k-1 -1

Combining this with Lemma 5.3 and max A;_; = (k — 1)"~! gives us

s—1 k—1
G5 =G0+ i1 = e —Jen) +ds +iw + > (e —de-1)
t=0 t=s"+1

2k -1t =24 (s+k—1-5)-(k—1)""

(k — ) (k=1 -2

=(k-1)"'—(k-1)"" -

< (k- ) (k—=1) =2 F'(k—2k) -

which contradicts the assumption j+j" > (k—1)'—(k—1)—2-F'(k—2,k)—2.
Here we used that i > 3 and so (k—1)""! > 2. F'(k—2,k)+(k—1) by (2.2).
We have thus shown that @ has precisely one even edge.

Take the unique s* € [k — 1] for which w;_. ,u;_. is an even edge. We
claim that there exist a*,v* € Z>_1, 8%,0%, \*, u* € Ny such that \*+p* =

<
<
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(k—1)72 —1 and
(5.2) jor—1 = A(k—1)—a*(k—2)— Bk, jor = p*(k—1)—~*(k—2)—0*k.

Indeed, this follows if i = 2 and js«_1 = js+ = 0 by setting all parameters to
be 0. For all other cases, this follows by the induction hypothesis. In order to
appeal to the induction hypothesis, we need to establish the required lower
bound on jg«_1 + js+ and show that the edge u; .  juj. € E(P1)\
E(P~7=2), which we now do. We have

s*— k—1
Jeror e =5 +5 =Y Ge—dic) = Y (i1 — i)
t=1 t=s*+1

>k-1)-(k-1)-2F(k—2,k)—2—(k—2) - (k—1)""!
=(k—-1)""1 = (k—1)—-2F'(k—2,k) -2
as required. Now suppose for a contradiction that w;_._,u; . already ap-
peared at time ¢ — 2. If 4 = 2, then the only even edge at time 0 is vowy

and as we are not appealing to the induction hypthesis for this case, we
can assume that ¢ > 3. Then by Lemma 5.2

Jor -1, dor < (k=1)"7% =1
and
Joro1 e <2k —1)"2—2< (k-1 —(k—1)—2F'(k—2,k) — 2

contradicting our lower bound above, using that ¢ > 3 and (2.2) here.
Therefore u; . ,uj . € E(PA"~1)\ E(P*1~2) and the induction hypothesis

gives (5.2).
Now by Lemma 5.3 we have that we can find ay, 8; € Ng such that

ge—jeo1=(k—=1)""" —au(k —2) — ik
for s* <t<k-—1and
gt — i1 = (k= 1)""" —ay(k — 2) — Bik

for 0 <t < s* — 1. Therefore,

s*—2

J= Z]t_.yt+1 +jsr1 =AMk —1) —a(k —2) — Bk,

o~
R‘II

-1

j' = (Ut = Jt=1) + Js= = p(k = 1) —~(k = 2) = 6k,
t=s*+1
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where
A= (s"=1)- (k=124 X, pi=((k—-1-5%)-(k—1)"2+u",
0&::0{0+..~+O{S*_2_~_a*’ ﬁ:260+"'+63*—2+6*7

Yi=Qgeqpr + o Fapo1 +7", 0= Byt A P + 07
Moreover,
Abp=k=2)(k =)+ N "= (k=1 — 1,
which completes the induction. O

We now complete the proof of the second part of Theorem 4.3. Take the
smallest iy € N for which the even edge vywy lies in E(P~%) and suppose
that ip < r — 1. Lemma 5.2 and (4.7) yield

20k -1 —2>04+l=(k-1D" = (k—1)—2-F'(k—2k) -2,

and so ig > 7 — 1 when n and thus r is sufficiently large. It remains to rule
out the case ig = r — 1. Suppose that ig = r — 1. By Lemma 5.4 there exist
a,y € Z>_1, 3,8, A\, u € Ng with A+ p = (k — 1)"~2 — 1 such that

(53)  L=Ak-1)—alk—2)—fk=pulk—1) —~y(k - 2) — ok

By symmetry we can assume that A < pu. From (5.3) and the definition of
¢ in the statement of Theorem 4.3, we obtain

(k—1)—2—1

(5.4) F'(k—2,k) = ( >

—)\—1>~(k—1)
+(a+1) (k—2)+ Bk

Using that F'(k — 2, k) is even (2.2), if we take (5.4) modulo 2 we can see
that

k—1)2-1
(5.5) A::()f—)\zl mod 2.
The condition A + = (k —1)"~2 — 1 and the assumption A < p imply
E—1)2-1
(56) R Y

We cannot have equality in (5.6) because of (5.5). Therefore A > 1. Since
2(k — 1) can be written as (k — 2) + k, by (5.4) we have

F'(k—2k) = (a—s—l—k;(A—l))-(k—2)+<ﬂ+;(A—1)>-k.

However, this contradicts the definition of F'(k —2,k) (2.2). Consequently,
VeWy §é E(PA’T_l).
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6. Upper bounds

We start with some general results on Cj-processes on paths in Sec-
tion 6.1. We will prove parts (i) and (ii) of Theorem 4.2 in Section 6.2.
Part (iii) of Theorem 4.2 will be shown in Section 6.3

6.1. Results on paths

Let n’ € N, and (P,);>0 be the Ci-process on P,,. We write P instead
of Pé, when n' is clear from context. The sets

D; = Di(n') :={ € [n/ —1]: xy € E(P") whenever y — x = £}

play a central role in proving upper bounds on 7¢, (P,/). Clearly D; C D; .
If D; = [n/ — 1], then the percolation process is over by the i step. When
k is even then the process is already over when D; contains just the odd
integers up to n’ — 1, since then P? has stabilised at Ky 2),[n/21- Flipping
the vertices of P/, i.e. the map o : V(P,) = V(Py), z—n' —1—x,is
an automorphism of P,, and hence of P? for all ¢ > 0 by Observation 2.1.
For any 2,y € V(P,/) one has x +y < n' —1 or o(x) + o(y) < n’ — 1. This
allows us to write D; as:

(6.1) {ten'—1]:zy € E(P') whenever y —z ={,x+y<n' —1}.

The next lemmas state further simple properties about how D; develops
during the Cj-process. Recall the definition of a sumset hA from Section 2.

LEMMA 6.1. — Foreveryi 20, (k—1)D;N[n' —1] C D;41.

Proof. — Let ¢ € (k—1)D; N [n/ — 1]. Choose di,...,dx—1 € D; such
that £ =dy + -+ dg—1. For any « € V(P,) with z + ¢ € V(P,/),

r,x+dy,...,x+ (di+---+di-1)

is a path of length k£ —1 from x to £+ ¢ in P? since d1,...,dy_1 € D;. Thus
x and x + £ are adjacent in P**! and the claim follows by the definition of
Dit1. 0

LEMMA 6.2. — Ifn' > 3(k—1), then {£ € [k] : £ odd } C Ds.

Proof. — We have Dy = {1} and D; = {1,k —1}. For every odd 3 < £ <
kand x € V(Py) with x + (z+£) <n' — 1,

(-1 -1 (-1
337...,:104—?,m—l—(kz—l)—i—T,aﬁ+(k—1)+T—1,...7m+€
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is a path of length k¥ — 1 from « to 2 + ¢ in P! due to the hypothesis
3(k — 1) < n'. Indeed, a quick analysis of two cases + < (k — 1) and
x> (k—1) gives that z+ (k— 1)+ (£ —1)/2 < n/ — 1. Therefore (6.1) gives
{€k]:€odd } C Ds. O
Recall that Lemma 5.1 in the proof of Theorem 4.3 indicated how dif-
ferences that occur as edges at time i look like and thereby helped us
to obtain lower bounds on the running time. For upper bounds we need
a converse statement telling us for which parameters «, 5 the differences
(k—1)"—a-(k—2)— Bk do appear. To this end we define a subset

Ap={(k-1)—a (k—2)—B-k:a,f €Ny, a+B< (k—1)"2(k—2)}

of A; = {(k—1)—a-(k—2)— B k:a,8€Ny}. This set lies in the in-
tersection of A; and the interval [(k — 1)*~2,(k — 1)]. The upper end of
the interval is attained when o« = § = 0 whereas the lower end is achieved
by a =0, 8= (k—1)"2.(k—2). The next lemma states that a slightly
smaller interval piece of A; is fully contained in A}.

LEMMA 6.3. — For every i > 3,
[(k = 1)7=2 +2(k — 1), (k — 1)) 1 4; C AL

Proof. — Let i > 3 and £ € [(k —1)""2+2(k — 1), (k — 1)!] N A;. Then
there exist a, 8 € Ny satisfying £ = (k—1)! —a(k —2) — Bk. We may assume
that @ < k — 1 because (« — k) - (k—2)+ (B +k —2)k = a(k — 2) + Pk.
From

(a+Bk—2a=k-1)—0<(k—1)" = (k—1)"2=2(k—1)
=(k—-1)"2-(k—2)k—2(k—1)

we infer
a+p< (kfl)i*”(k%)ﬂff% <(k=1)7%-(k-2),
hence ¢ € AJ. O

The next lemma ensures that the relevant piece of A} is contained in D;.
This fact will play a crucial role in us showing that a bootstrap process has
ended. In the proof the advantage of the somewhat technical choice of the
upper bound on « 4 § in the inductive proof becomes visible.

LEMMA 6.4. — Given n' > 3(k — 1) we have that
Ainn'—=1]C D;,.

for every i > 0.
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Proof. — We induct on i > 0. We have that Aj = {1} = Dy and A} =
{k—1} C Dy. Let i = 2, and let z,y € V(P,) with y — 2 = (k — 1)? —
a(k —2) — Bk for some a+ 5 < (k—2). Write s :== k—1— a — /5 and note
that s > 1. If x > S then
x,e—1,...,x—B,x—B+(k—-1),...,2—B+s(k—1),x—B+s(k—1)+1,...,y

is a path of length k — 1 fromz toy =2 — B+s(k—1)+ain P Ifx < 3
consider the zy-path

z,..,c+a,z+a+ k-1, z+a+(k—-1)—1,...,
z+a+(k—-1)—-F,z+a+2k—-1)—05,...,y.

This path is well-defined because all vertices lie in [n’—1]. Indeed, for s > 2
the largest term in the sequence is y, which lies in V(P,/) by assumption,
whereas if s = 1, then z + a + (k — 1) — f = y and the maximum is
x+a+(k—1) which can be bounded from above by f+a+(k—1) < 2k—3 <
n’ — 1. Thus, zy € F(P?). Since z and y were arbitrary, A,N[n’ —1] C D».
For every ¢ > 3, the induction hypothesis and Lemma 6.1 imply

A; n [’I’L/ - ].} Q (k - ]')Aifl n [’I’Ll - ].] Q (k - l)Di,1 n [n’ - 1] Q Di,

where the inclusion A C (k — 1)A}_; follows from the fact that for any
a,B € Ng with a + 3 < (k—1)""2 (k —2) we can find

sovaere {525 )

such that @« = a1 + -+ agp_1, B = B1+ -+ Br_1 and as + Bs <
(k—1)3-(k—2),1<s< k-1 O

PROPOSITION 6.5. — If k > 3 is odd and 3(k — 1) < n’ < (k- 1) —
F(k — 2,k) for some integer p > 4 then P’ is the complete graph on n’
vertices.

Proof. — Our goal is to show D, = [n’ — 1]. To do so we write [n' — 1]
as the union

W —1=[3(k—-1)—1] U [3(k—1),n' — 1]

and show [3(k—1)—1] C Dy and [3(k—1),n' —1] C D,. Lemma 6.2 yields
k — 2 € Dq because k — 2 is odd. Then for each even 2 < £ < k — 1 and
each vertex z with 4+ (x +¢) <n' — 1,

337...,334—é,x+(k—2)+§,m+(k—2)+§—1,...733—|—Z

Innov. Graph Theory 3, 2026, pp. 89-126



SLOW GRAPH BOOTSTRAP PERCOLATION I: CYCLES 111

is a path of length £ — 1 from = to z + ¢ in be/. Here we used that x + (k —
2) +4/2 < n’ — 1, which follows from a quick case analysis of z < k — 2
and x > k — 1, so all vertices of the path indeed belong to P,,. Now (6.1)
implies [k] C Ds. Applying Lemma 6.1 gives

Dy [(k—1)-K N[ -1 2[3(k—1) - 1].

The inclusion [3(k —1),n" — 1] € D, follows from Lemmas 6.3 and 6.4.
Indeed, by the definition of the Frobenius number F(k —2,k) (2.1), and as
k is odd we have A; D (—oo,(k —1)" — F(k — 2,k) — 1] for all i > 0. This
allows us to write
Bk—1),n" —1]=[n" -1Nn[3k-1),(k—1)" - F(k—2,k) —1]
=[n —1]
p . .
NIk =172 +2(k — 1), (k= 1)" = F(k — 2,k) — 1]
i=3

Cn —1]n O[(k 1724 2(k—1), (k- 1) N A,

p

Cn'—1n UA'CUDz D,.

The second equality holds since (k — 1)372 + 2(k — 1) = 3(k — 1) and
(k—1)"— (k 2,k) > (k—1)"1"2 4 2(k — 1) for i > 3 by (2.1). We also
used Lemma 6.3 followed by Lemma 6.4 in the fourth line. We have shown
that D, = [n’ — 1], so P’, is a complete graph. O

The bipartite version of Proposition 6.5 reads as follows.

PROPOSITION 6.6. — Ifk > 4 is even and 3(k — 1) < n’ < (k — 1)? for
some p € N then any z,y € V(P,/) with |x — y| € A, are adjacent in P?,.
This implies that if n' < (k—1)? = F'(k—2,k), P, is copy of K|,/ /2],[n'/2]-

Proof. — Since n’ > 3(k — 1) we may invoke Lemma 6.2 to obtain
{¢ € [k]:¢odd} C Ds.
Lemma 6.1 then gives
{te[3(k—1)—1]:Lodd} C {£e[(k—1)*:£odd}N[n'—1] C D3 C D,.

This takes care of the case |[z—y| < 3(k—1). Suppose that lz—y| = 3(k—1).
The intervals [(k — 1)=2 + 2(k — 1),(k — 1) — F'(k — 2,kj)] and
[(k—1)"t+2(k—1),(k— 1) — F'(k — 2, k)] intersect whenever i > 3.
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Therefore by (2.2)
Bk —1),(k = 1)) =[(k = 1)’ = F'(k = 2,k), (k - 1)"]

p

UJIE=1) 242k —1), (k—1)" = F'(k—2,k) - 1].

=3

If (k—1)P—F'(k—2,k) < |r—y| we can use Lemma (.3 because |z —y| € 4,
and thereby obtain [x —y| € AJ,. Lemma 6.4 then tells us that [z —y| € D).
If not, there exists 3 < i < p such that |z —y| € [(k—1)"2+2(k—1), (k-
1) — F'(k — 2,k) — 1] so we have |z — y| € A; by definition of F'(k — 2, k)
and we can apply Lemmas 6.3 and 6.4 to conclude |z —y| € D; € D,. In
the case that n’ < (k—1)? — F'(k —2,k) a copy of K|, /2], [n/2] s present
at time p. Since P, is bipartite, so is (P,/)¢, due to Lemma 3.2. Thus the
process has stabilised. O

This completes our preliminary investigation of the Cj-process on paths.

6.2. Proof of parts (i) and (ii) of Theorem 4.2

Suppose that k is odd, and let z,y € V(G). If there exists an xy-path @
of length at least 3(k — 1) — 1 it satisfies the hypotheses of Proposition 6.5
with s = r and n’ being the length of Q). In that case the vertices of Q
must form a clique in G,.. In particular x and y are adjacent. If every path
from z to y in G has length less than 3(k — 1) — 1, invoke Lemma 3.3
to fix a cycle C C Gy containing z, a shortest path @ from y to V(C)
in G and an arbitrary vertex z € V(G) \ V(C) with Ng(z) NV (C) # @.
The latter vertex exists because G was assumed to be connected, and is
needed because we cannot rule out that y € @ and Lemma 3.5 requires
a (k + 1)-vertex graph. Apply Lemma 3.5 to G2[V(C) U V(Q) U {z}]. As
e, (G2[V(C)UV (Q)U{2}]) is trivially bounded by (|V (C)|+|V(Q)|+1)?/2
we obtain that zy € F(G,) when n and hence r is sufficiently large.

We will see that part (ii) is analogous to part (i) with the roles of cliques
being played by complete bipartite graphs. So suppose now that k is even
and G is bipartite with partite sets X, Y, and let x € X, y € Y. If there is
a path of length at least 3(k—1) —1 from x to y, then Proposition 6.6 with
p = r and n’ the length of that path implies zy € FE(G,). Should there
be no such path, Lemma 3.3 again allows us to choose a cycle C C G,
containing x, a shortest path @ from y to V(C) in G, and z € V(G)\V(C)
such that Ng(2)NV(C) # @. Lemma 3.5 applied to Go[V(C)UV(Q)U{z}]
tells us that at time 7 each vertex of X N(V(CUQ)U{z}) neighbours each
vertex of Y N (V(CUQ)U{z}).
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6.3. Proof of part (iii) of Theorem 4.2

Assume that in the following k is even and G is not bipartite. When
we dealt with the upper bound for odd cycles and wanted to show that
an edge zy from the final graph occurs at a certain time in the process it
was sufficient to restrict ourselves to an zy-path in the starting graph. In
the case of even k and non-bipartite G one has to modify the approach
since all zy-paths in G could have even length while the final graph of
the Ci-process on a path is not a clique but a complete bipartite graph
(cf. Proposition 6.6), and thus the restricted Cj-process does not yield
the desired edge. To deal with this issue we consider carefully chosen odd
walks instead of odd paths. These odd walks will be chosen so that they
contain sufficiently long subwalks without repeated vertices. More precisely
we restrict our attention to odd walks which can be expressed as the union
of two paths as specified in the next claim:

CLAIM 6.7. — Let e € E({(G)¢, ). Then there exist £,{' € Ny with £/ <
< n—2,¢ <n—3, and vertices vy, ..., v, Wy, ..., wy € V(G) such that
Wovg - .. Ve and vowq ... wyp are paths, vy...vowo ... wy iS a shortest odd
walk between the endpoints of e in G, and v; # w; for j # j'.

Proof. — Take a shortest odd walk ug...u,, between the endpoints of
e in G. The claim is clearly satisfied with ¢/ = 0 and ¢ = m — 1 when the
shortest odd walk is already a path. We therefore assume that the walk has
at least one repeated vertex. Observe that for any 0 < j < j < m with
uj = uj, j — j' must be odd for otherwise ug ... ujuj 41 ... uy would be a
shorter odd walk. This implies that no vertex occurs more than twice on
UQ .« v« Uy Set

Jo:=max{j € [m]|3 5 >j:u; =u;} and
jr=min{j € [m]|3j <j:u; =u;},

and let jg,j; € [m] be the unique integers satisfying ji > jo,uj, = ujy
and ji < ji,uj, = ujr. Then jo < ji since otherwise ug...uj_1uy, ...
UjoUjs 41 - - - Uy, Would be an odd walk of length less than m. By the ex-
tremality of jo and j; we have j1 < jo and j; < j{. In fact, we have
that equality is attained in both of the last two inequalities. Indeed, if one
of them was strict the walk ug...uj _juj, ... ujuj 41 ... um would have
length

g1+ (v —Jo) +m —jo < ji+ (o — 1) + m—jo=m
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SO

0=ji+ (j1 —Jo) +m —jo = (j1 — 51) + (Jo — jo) +m mod 2
by the minimality of m. But this would contradict the fact that j; — 51,
Jo — jo and m are all odd. Therefore j; = jo and j{ = j1, which implies
o = Uj,. We conclude j; — jo = 3 and ji + jo = j1 — jo + 2jo is odd
because j; — jo must be odd. By definition of jo and ji, both ug ... uj —1
and wj,41 . . - Uy are paths and each of the vertices ujy41,...,u;,—1 occurs
precisely once on ug . .. up. Define vj, 0 < j < £:= [(jo + j1)/2], and wyr,
0<j' <l =m—[(jo+j1)/2] by

U

vy = uLJo;hJ_jv wyr 1= u|’7042rJl"|+j/-

Then both vy ...vowy and vowy ... wy are paths. Therefore £,/ < n — 2.
Now we check that ¢/ < £ and vj # w;» whenever j # j'. Suppose there were
J # j' with v; = wjs. Due to the definition of vj, w; and the minimality of

m we have
(VO;JIJ —j) _ (Po;—]f‘ —&—j’) =1 mod?2,

and thus, as jo — 71 =1 mod 2,

. o+ J _[do+3 L
jo— {JO2J1J+jE [JOQJl—‘ + i~ mod 2.

But then replacing the longer of the two walks uj, ... U jo+4, = and

Ujy .U [ dotil T4 by the shorter one creates an odd walk bZ)etween the end-
points of e whose length is less than m. Here we used these walks are not
the same size due to the fact that j # 7. If £/ < £ we are done. Otherwise
we simply relabel the path by interchanging the roles of £ and ¢ and turn-
ing v; into w; and vice versa. Finally, we cannot have ¢ = =n — 2 as in
that case wy ¢ {vo,...,ve} gives |{vg,...,ve, wo, we | =n+ 1. O

Remark 6.8. — The property v; # wj for j # j’ in Claim 6.7 guarantees
that {v; : j € J}N{w; : j/ € J'} = 0 whenever J C [¢] and J' C [¢'] are
disjoint. We do not require additional assumptions on the indices j for
which v; = w;. However, note that we can assume that there is £y, ¢/, € [¢']
such that v; = w; when {5 < j < ¢; and v; # w; otherwise. Indeed, we
can take ¢y := min{j : v; = w;} and ¢; := max{j : v; = w;} and replace
Wy, - .. W, DY Vg, ... Vg, . Two examples of such odd walks are depicted in
Figure 6.1.

Let 2,y € V(G) be distinct vertices. If the length of a shortest odd
walk between them is smaller than 4(k — 1)? we can fix a non-bipartite
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ve
v : v v
wy I: wy Wo wer

Figure 6.1. Two potential shortest odd walks between vertices vy and wy.

subgraph of G2 on at least k + 1 vertices that contains z, y and a k-cycle
(the existence of such a subgraph is guaranteed by Lemma 3.3) and apply
Lemma 3.5. From now on let the length of a shortest odd walk from x to y
in G be at least 4(k — 1)2. We are done once we have shown zy € E(G.,.).
Let vp...vowq ... wp be a shortest odd walk from x to y or y to x as given
by Claim 6.7. Note that £ = ¢ mod 2 and vy # wy because the endpoints
of the path are assumed to be distinct. The remaining proof is divided into
the Claims 6.9, 6.10 and 6.11.

CLaM 6.9. — If0+0 < (k—1)"—(k—1)-F'(k—2,k) — 3(k —1)2, we
have zy € E(G,).

Proof. — Write ¢/ = ¢(k— 1)+ s’ and ¢ = g(k — 1) + s and where
¢.q,8,8 €Ny, 0< 5,8 <k—2. Recall that £ > ¢ and £+ > 4(k—1)2 -1,
hence q > ¢’ and ¢ > 1. At time 1,

P .= Wo -+ Wg'Wg/ 4 (k—1) + - - We'4q/ (k—1)
is a path of length ¢’ + s’ from wy to wy . It contains neither vy nor v, as
0 <L, wy # ve, and w; ¢ {vo, v} for j < ¢ by Claim 6.7. If s’ = 0,
Qo = VoV1V1I4(k—1) - - - V14q(k—1)V1+q(k—1)+1 - - - Vi4q(k—1)+s—1

is a path of length ¢ + s from vy to vy which is vertex-disjoint from P as
the indices of the vertices on P are multiples of £k — 1 whereas the indices
of vertices on Qg — vg — vy are not. The union of P, QQy and vowg is an
xy-path in Gy of length ¢’ + (¢ + s) + 1. Note that

d+@+s)+1=¢k—-1)+qk-1)+s+1=((—-0+1)=1 mod?2

and
0 +L
k—1

¢ +q+s+1< +k-1<(k=1)"" = F'(k—2k)—2(k—1)
<(k—=1)""1t—F'(k—2,k).

If s’ > 0, recall that ¢ > 1 and consider the path

/

Qn = VOUk—1 - - - Vg(h—1)Vq(k—1)—1 - - - V(q—1)(k—1)+sV¢ if 5> §;
s’ = .
VOUR—1 - - - Vg(k—1)Vq(k—1)+1 - - - Ve if s<s.
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This path has length g + (k — 1) — s+ 1 or ¢ + s. It is vertex-disjoint from
P since w; = s’ mod k — 1 for all j > s’ with w; € V(P), whereas all
J €10,¢] with v; € V(Qs ) \ {vo,ve} satisfy j > s" and j # s’ mod k — 1.
Moreover, recall that vy and vy do not lie on P.

As vowy € E(G1), the union of the paths P,Qs and the edge vowy is an
zy-path of length ¢/ + s’ +q+k—s+1or ¢ +s +q+ s+ 1, where

d+s+q+k—s+1=¢+s+qg+s+1 =/4+¢+1 mod2.
The length of PU Q4 U {vowp} is bounded from above by

e+

k-1
In all cases we have an odd xy-path of length at least ¢ + ¢’ and less than
(k—1)""! — F'(k — 2, k). Using

14 A L+ 0
= > —1> —
q+q Lk—1J+L€—1J/Lf—1J 123(k-1)

we can apply Proposition 6.6 with p = r — 1 and Observation 2.1 to either
PUQoU{vowp} or PUQ s U{vowo} to deduce zy € E(G14,—1)=FE(G,). O

+2k-2)+1< (k-1 —F'(k—2k).

CLAIM 6.10. — Set w_1 := vg. Then

U(k—l)iQ—(k—l)w(k—l)iZ—(k—l)+k_2 € E(Gz)7

whenever i > 1 with w <£and(k_1)i2¢+k—2<£', and

'U(k_l)i_
2

1)y Wemnizeey € B(G))

whenever i > 1 Wiﬁh%—l—(k—l)gﬂandwg(km—lgﬁ’,

Proof. — The size constraints are only necessary to guarantee that the
vertices occurring in the statement actually exist. We induct on ¢ > 1.
When ¢ = 1 the claim reads vowy_2, vg—1w—_1 € E(G1), which holds since
vg and wg_o, and similarly vy_; and v, are endpoints of paths of length
k—1in G. Suppose that i > 2 and the above size constraints are satisfied.
Set

E—1)"1— (k-1 -
jS::( ) 3 ( )+s~(k—1)z_1, 0<s<(k—2)/2.
The induction hypothesis gives

Vjo Wiotk—25 Vjo+k—1Wjo—1 € E(Gi—1)

and Lemma 4.1 assures that any two vertices of distance (k — 1)~! in G
are adjacent at time ¢ — 1. We have

js+k—2=k—-2#0=jy modk-—1
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for any 0 < s,s" < (k —2)/2 and hence wj, 412 # v;_,. Similarly, w;, 1 #
Vi, +k—1. Therefore

Vjth—zys2 * + + Vi1 Vo Wjo+k—2Ws1 +k—2 « + - Wiy gy /0+k—2
and
Vjh—2y/2th—1 -+ Vj1+k—1Vjo+k—1Wjo—1Wj; -1 - - - Wj(p_5y/5—1

are paths of length k—1 in G;_1. The claim now follows from the observation

that )
. k—1)— (k-1
J(k—2)/2 = ( ) 5 ( ). O

CLAIM 6.11. — Suppose that { +¢' > (k—1)" —(k—1)- F'(k—2,k) —
3(k —1)2. Then xy € E(G,.).

Proof. — Recall that ¢ = ¢ mod 2 since vy...vowp ... wy is an odd
walk. Our plan is to find an zy-path of length £ — 1 in G,_;. By the
conditions on £, ¢' in Claim 6.7 and the upper bound in (4.6), we have

02020 +0—(n-2)
>k-1"—(k—=1) - F'(k—2,k)

—3(k—1)%— (k=7 = (k-1 + F'(k—2,k)

2
:@—(k—2)~F’(k—27k)—3(k—1)2+%.

(6.2)

Now choose
o€ {(k—l)rl—(k—l) (k—1)""t—(k—1) +k—1}

and

e {(kl)r (et R GO Vet (Y MQ}
2 2

such that £—jo = ¢'—jj = (k—2)/2 mod 2. The congruences {—jo = ¢'—j|,

mod 2 and ¢ = ¢’ mod 2 together imply jo = jy mod 2. Thus v;,w;; is

one of the edges whose presence at time r — 1 is guaranteed by Claim 6.10

with i = 7 — 1. We note here that v;,,w;; indeed exist as ¢,£' > jo, jy due

o (6.2) and the fact that r is sufficiently large.

We will now construct a vj,ve-path Q C G,_; and a wjéwgf—path P C
Gr_1, both of length (k —2)/2 and such that V(P)NV(Q) = 0. Then the
union of these paths along with the edge wjs v, gives an xy-path of length
k —11in G,_1, and hence xy € E(G.,) as required. To this end we define

Jor=Jdo+s- (k=11  and  jo=jo+s-(k—1)1
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for1 <s<t:= % —-1= %, and claim that @ := v, v;, ...v;,v¢ and
P :=wjwj ... wjwe are the required paths.

First let us check that the vertices used in the path actually exist. That
is, we need to check that ¢ > j, and ¢ > j;. This follows because

0 —jGo=t —jo—tk—1)"""

2f/_<(lf1)r12(1<:1)+k_1>_<1624> (k- 1)1

cen (B o 5

(6.3)

2 2
>k—-1)"1 = (k—-2) F'(k—2,k)—3(k—1)*>F,

where we used (6.2) in the second last inequality and the fact that r is
sufficiently large in the final inequality. This shows that ¢ > j; and ¢’ > jj
as ¢ > ¢ and j; < ji + (k —2).

Next we show that the paths P, ) indeed exist in G,._;. The existence of
the edges v;, ,v;, € E(Gr_1) for s € [t] is guaranteed by Lemma 4.1 and
likewise for the edges wj wj, with s € [t]. It remains to establish that
Vj, Vg, Wjrwer € E(G,). For this we note that

. . . k—2 k—4
(6.4) g—JtE(f—Jo)—(Jt—Jo)E< 5 >—< 5 )El mod 2,
from our choice of jy. Similarly, we have that ¢/ — j; =1 mod 2. Moreover,

0,0'+1 < n—2(Claim 6.7) and j;, j;+1 > 552 (k—1)"~! — 51 Therefore,
appealing to the upper bound of (4.6), we get

(k=17 — (k-1
5 — F'(k—2,k)

k—3 . k-1
- <2<k D - 2)
—(k—=1)"" = F'(k—2,k).

E_jtagl_ji/t <

Hence Proposition 6.6 gives that both vj, v and wj;wy: are present in G,._.
Finally then, we need to establish that P and @) are disjoint. Recall
that we chose jo, j{ such that jo = j; mod 2 and hence we obtain either
Jo=Jo — (k—2) or jo = j, + k. Therefore
js =Jo #Jo = Jju mod k—1
for 0 < 5,5’ < tandso Q\{v} and P\{we } do not intersect by Remark 6.8.
Moreover vy # wy as {vg,we } = {x,y} and £ > ¢/ > j; using (6.3) gives

that v, ¢ V(P) and wy ¢ V/(Q). This shows that PUQU{wj; vj, } is indeed
a path of length £ — 1 in G,_; and zy € E(G,) as required. O
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7. Multiple cycles

In this section, we prove Theorem 1.4.

7.1. Lower bound

The lower bound of the first part is obtained by the starting graph which
is disjoint union of cycles of lengths ko, ..., ks and a path of length n —
(k2 4+ -+ 4+ ks). That is, let G := Cy, U--- U Cj_ U P kgt gk with H-
process (G)izo, and let (P*);>o be the Cy,-process on P, _(j,1...4x,) € G.
Every copy of Cy, in P* can be extended to a copy of H by the cycles of G.
Therefore P* C G, for every i > 0, so any two vertices of odd distance on
PO will eventually be adjacent in the H-process on G' by Theorem 4.2 and
Observation 2.1. The following is an analogue of the first part of Lemma 4.1
for multiple cycles:

CLAIM 7.1. — For any x,y € V(P°) and i > 0, the distance distg, (z,y)
satisfies
dista, (z,y) < (k — 1)"distg, (2, ).

Proof. — Let @ be a shortest xy-path in G;. Any edge uv of @ that is
not present at time ¢ — 1 yields a uv-path @, of length k; — 1 in G;_
for some j € [s]. We can build an xy-walk in G,_; by replacing every
w € E(Q)N E(G;) \ E(Gi—1) by Quy. That walk has length at most
(k1 — 1) - distg, (z,y) because ki > k; for j € [s]. Therefore,

distg, , (z,y) < (k1 — 1) distg, (z,y)
and iterating gives the desired claim. O

Let x be an endpoint of PY. Let y be the other endpoint if the length of
P? is odd and the unique P°-neighbour of the other endpoint otherwise.
With these choices distpo(x,y) is odd and at least n — (ko + -+ + ks) — 2.
Recall that distpo(x,y) = distg, (z, y).

Thus, for ig := [logy, _(n—(k2+---+ks)—2)]—1, appealing to Claim 7.1
gives
distg, (z,9) SN (ko + - +ks)—2

(kl — 1)i0 ~ (kl — 1)i0
nf(k2+"'+ks)*2
n— (ks + - +ks)—2
which implies that x and y cannot be adjacent at time ¢, hence

distg, (z,y) >

=1,

T(G) > ip + 1. The lower bound now follows from the simple estimate

Innov. Graph Theory 3, 2026, pp. 89-126



120 D. Fabian, P. Morris & T. Szabd

log, 1(n) < [logy, 1(n— (k2 +---+ks) —2)] + 1, which holds when n is
sufficiently large.

7.2. Upper bound

To obtain the upper bound suppose that G is an arbitrary n-vertex graph
with 74 (G) = My (n) and H-process (G;);>0. We aim to show that

(7.1) (G) = Mu(n) < T :=log,, _(n) + 6s°k7.

At time 1 there exists disjoint copies of Cj,,...,Ck,. Fix any such copies
and denote them by C1,...,C; where C} has length k; for j € [s]. Note
that, as in the proof of Observation 3.1, the vertex sets of components in G
are fixed throughout the process and at no point in the process will an edge
between two different connected components be added. We can therefore
run our analysis on edges appearing only within connected components
of G.

CramMm 7.2. — If Z C V(G,) is the vertex set of a component of Gy
that does not contain any of the C7, j € [s], then G;[Z] = Gi1[Z] for

Proof. — For each j € [s], every copy P’ of Py, at time i with vertices in
Z can be extended to C{U---UC} _; UP'UC) |, U---UCY so the endpoints
of P" are adjacent at time i+ 1. This implies that if no edge is added inside
Z at time i then (G)y[Z] = G;[Z]. If G1[Z] is already Cj,-stable for every
J € [s] or has at most ki vertices, it will be Cy,-stable for every j at time
k? + 1. Otherwise we have |Z| > k; + 1 and one can find a k;-cycle in G3[Z]
for some j € [s].

Consider the case that G2[Z] has diameter at most k1 — 2. Since k; =
min (s k; there must be a ky-cycle C' in G3[Z]. Pick a vertex z9 € V(C)
and define

X :={z € Z : G3[Z] has an even path from z to zy},
Y :={z € Z : G5[Z] has an odd path from z to z}.

As G3[Z] is connected, Z = X UY with X NY = & when G3[Z] is bipartite
and X =Y = Z otherwise. Let z € X, y € Y be distinct vertices and choose
7' C Z of size at least k1 + 1 and at most 3k; such that x,y € Z', G5[Z']
is connected, and C' C G3[Z']. Let ig := 3 + Mc,_(3k:1). By Lemma 3.5
with respect to the Cy_-process on G3[Z'], zy € E(G;,[Z']). Since x and y
were chosen arbitrarily, G;,[Z] is complete or contains a complete bipartite
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graph with partite sets X and Y. If G;,[Z] is a complete bipartite graph it
will be C;-stable for all j after two more steps''). If not, Lemma 3.4 tells
us that Z will be a clique at time ip + 2 < 5k?.

Finally, we suppose that G2[Z] contains a copy of Py,. Let i1 := 2 +
Mg, (n). Lemma 3.5 applied to the Cy,-process on G3[Z] guarantees that
G, |Z] is either complete or contains a complete bipartite graph with at
least |k1/2] vertices in either part. Again, after two more steps we arrive
at a graph that is Cy,-stable for all j € [s]. O

Note that Mg, (n)+ 5% < T by Theorem 1.2 and so Claim 7.2 implies
that no edge will be added after time 7" in a component that does not
contain a C.

It remains to analyse components containing the cycles C7. Let V' :=
V(Cy)U---UV(Cy) and for j € [s], let U be the set of vertices in V/(G)\ V'
for which there exists a path to C’J( in G that does not involve any vertices
from C for each ¢ # j. Let V' C V(G) be all vertices contained in some
component of G that contains one of the C} and note that V' = V'U(U;U7).
Note also that any kj;-cycle in U]’» U V(Cj{) can be extended to a copy of H
in G; for i > 1. Likewise any ki-cycle in UJ’» can be extended to a copy of
H. In the remainder of the proof, for ¢ > 0 and a vertex subset U C V(G)
we define

N;(U):={veV(G)\(UUV'): Ng,(v)NU # 0}

that is, the neighbourhood of U in G; that is disjoint from U itself as well
as from V’. In the case that U = V/(C}) for some j € [s], we simply write
Ni(C%).

Cram 7.3. — Forall j € [s] we have U; C Ny (C}) for 7o := Mc, (n)+
3kt <logy, _y(n) + 4Kk3.

Proof. — If u € U] then there is a path P, in G from u to C} avoiding
the C; with ¢ # j. If P, has length at least k1 +1 (and hence k; +1 vertices
disjoint from C7}), Theorem 4.2 applied with k = k1 to P, — v, where v
is the endpoint of P, on C7, gives that u has distance at most 3 from Cj
in G, with 7g := Mc, (n) + 1. Therefore at time 77 we can assume that
every vertex in U} is of distance at most k1 + 1 from C}. By Lemma 3.5
with k = k; on G/ [U; UV/(C})], we have that indeed U; C N, (C?), using
that 7§ + Mc, (kj + ki) < 70+ (kj + k1)?/2 < 70. O

) Any permutation of the vertices inside one of the partite sets defines an automorphism
of the complete bipartite graph, so the only way a bootstrap process can add new edges
is by turning one of the partite sets into a clique. This can happen at most two times.
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Claim 7.3 shows that all vertices in V'\ V' are contained in U; Ny, (C7).
Our next claim tracks how the sets N; (C ) evolve in the process.

CLAIM 7.4. — For any j € [s] and i > 1 the following hold:
(1) Ni(Ni(CL) € Niaa (CY).
(2) If N;(C; ) is non-empty, either Gsz[ N;(C})UV(C;)] is complete or
k; is even and Gz+k2[ (ChHuU V(C”)] contains a spanning complete

bipartite graph With partite sets of size at least k; /2.
(3) 0 [s]\{j} and |Ni(C))NNi(C})| >3, then Ni(C}) € Ny a1 (C))-

Proof. — Let j € [s] be fixed.

(1). — Every u € N;(C}) has a neighbour on C7, so by going around
C’ we can pick x;(u) € V(Cj) such that u and z;(u) are the endpoints of
a path of length k; — 2 in V/(C}) U {u}. Therefore, if uv € E(G;) for some
v € V(G)\(N;(C))UV'), we have z;(u)v € E(Git1) and thus v € N;11(C5).
Here it is important that v ¢ V' so we may extend the path of length k; —2
to a copy of H minus an edge.

(2). — Recall that any kj-cycle with vertices in N;(C}) U V/(C}) can be
extended to a copy of H using C1,...,C.L. If j is odd, then for any non-
empty U C N;(C}) of size at most two, Gitr2 [UUV(C})] is complete, due

to Lemma 3.5 and the fact that Mc, (k; +[U]) < < (M) < k% + 1. Hence
Giyi2 [Ni(C’)UV(C’)] is complete. Slmllarly, if j is even and C7 is bipartite
With]parts X CV(C})and Y C V(C7), then let X’ C N;(C}) be all vertices
with a neighbour in ¥ and Y := N;(C?)\ X', noting that each vertex in Y’
must have a neighbour in X. Similarly to the odd case, for any non-empty
U C N;(C) with [U N X'[,|[UNY’] <1, we have that Gl-Jrk?[UU V(C7)]
contains a complete bipartite graph with parts XU(X’'NU) and YU(Y'NU),
by Lemma 3.5. Hence GH;C? [Ni(C%) UV (C})] contains a spanning complete
bipartite graph with parts X UX’ and YUY” (which each have size at least
1X] = Y] = ky/2).

(3). — Letx € N;(C))\N;(Cj). If w has a G,y y2-neighbour in Ny ;2(C7),
then = € Ni+k§+1(C’]’<) by part (1). Now suppose that « does not have such
a neighbour. In particular, it is not adjacent to any vertex in Ni(C]’-). Since
|Ni(C7) N N;(Cp)| = 3, we have that G 2[N;(Cy) UV(Cy)] contains both
z and a vertex from N;(C}) and thus cannot be complete. Then part (2)
forces k¢ to be even (in particular k¢ > 4) and G2 [N;(C7) U V(Cy)] to
contain a spanning complete bipartite graph. Label the vertices of C} by
V0, - - -, Vg,—1 such that E(C}) = {vovy,...,vk—1v0} and zv1 € E(G,) (see
Figure 7.1). Let y,y,y"” be three distinct vertices in N;(C?}) N N;(Cy). As
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Figure 7.1. An example of an instance of C}; and Cj in (3) with j =6

and 0 = 4.
NGi+k’;‘ (@) N {y,y",y"} = 0 we have yvs, y've, y vy € E(Gyqp2) for all odd
t € [0,ky — 1]. Label the vertices of C’]‘ by wo, ..., wg;—1 (and relabel the
vertices y,y’,y” if necessary) such that yws € E(Gy42), and r € {1,2}
such that y'w,,y"w, € E(G;;2) (in Figure 7.1 we have the case r = 2).
Now

TUIYW3 . . Wk, 1
is a path of length k; — 1 that is vertex-disjoint from the k,-cycle
Vg .. Uk 1Y Wy s,

Together with the cycles C}, t € [s] \ {J,¢} they form a copy of H minus
the edge zwy; 1. Therefore, z € N 42,,1(C}). O

We have that N;(C%) € N;1(C) for all i > 1 and j € [s]. Using
Claim 7.4, we now show that after many steps, one of these inclusions
must be strict if the process does not terminate.

CLAIM 7.5. — Let 71 = s?k? + 3s + k? +4 < 2s%k?. For i > 7, if
7 (G) > i+ 71 then there is some j € [s| such that Ny -, (C}) # Ni(C}).

Proof. — Suppose to the contrary that 77 (G) > i+71 and W; := N;(C?)
is such that Ny, (C}) = W; for all j € [s]. By part (2) of Claim 7.4, for
each j € [s] we have that G, 2[W; UV(C7)] is either complete or contains
a spanning complete bipartite graph with partite sets of size at least k;/2.
Unless G;142[W; UV(C7)] is a complete bipartite graph, Lemma 3.4 then
gives that Gy, g2 1o[W; UV(C})] is complete. Now consider the steps

(7.2) I'={i i+k+2<i <i+mn—1}

For each such step i € I’, there is an edge ey € E(Gy) \ E(Gy—1) (as
T (G) > i+71). If ;s has one vertex in V’ and the other in V'\ V' then there
will be some j € [s] with N;/(C}) # Ni—1(C}), a contradiction. Therefore
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either e;; C V' or ey NV’ = ). There are at most (“g‘) < (3];1) < s%k?
steps ¢/ € I’ for which the former can happen. If the latter occurs, as
the sets W; cover V' \ V' (indeed the smaller sets N, (C7) cover V' \ V'
by Claim 7.3) we have that there is some j such that e;; N W; # 0 and
we claim that e; C Wj. If this was not the case then the other endpoint
of e;; would lie outside of W; U V' and part (1) of Claim 7.4 gives that
Ni41(C%) # Ny (CY), a contradiction. There can therefore be at most 3s
steps i’ € I’ such that e’ has both endpoints in V'\ V. Indeed, as we noted
above, for each j € [s], we have that G,y 2 o[W;UV(C})] is either complete
or complete bipartite. In the first case, there are no time steps i’ € I’ with
ey C W; and in the second case there are at most 3, as if iy is the first such
time step then G ,o[W; UV/(C})] is complete by Lemma 3.4. Putting this
all together and counting the steps i’ according to each possibility, we get
that |I'| < s?k? + 3s < 71 — kI — 3, contradicting the definition of I'. [

Claim 7.5 shows that after a certain amount of time steps without sta-
bilising, one of the sets Ni(C;») must grow. Our next claim shows that after
more steps, it must in fact contain one of the other sets N, (C7).

CLAIM 7.6. — Let 79 := 25?1 + k? +1 < 5s*k?. Fori > 1y, if T (G) >
i + 79, then there are j,{ € [s| with N, (C}) € Ni(C}) and N, (Cy) C
Nitr, (CY).

Proof. — Suppose that 75 (G) > i+ 75. By Claim 7.5, for each r € [2s2],
there is some j(r) € [s] such that [Niirr, (C()| > [Nig—1)r (Cfi)l-
By averaging, there is some j € [s] such that |Z;| > 2s where Z; :=
Nijas2r, (C}) \ Ni(C}). Now for each z € Z;, by Claim 7.3, we have that
there is some ¢ € [s] \ {j} such that z € N, (C}). By the pigeonhole
principle, as |Z;| > 2(s — 1) + 1, there is in fact some ¢ € [s] \ {j} such
that |Z; N N, (Cy)| = 3. In particular, as Z; N N, (C}) = (), we have that
N7, (Cp) € Ni(Cj). Finally then by part (3) of Claim 7.4, we have that
Nro(C}) € Nijas27, (Cf) € Niyoger, 41241(C)) as required. 0

If 7(G) > 79 + 272 then by Claim 7.6 for each t € [s%], there is some
J =j(t) and £ = £(t) € [s] \ j(t) such that N ,(C7) € Niy(¢—1)r,(Cj) and
N7, (C)) € Nitr,(CF). As the sets N;(C}) are monotone increasing with
respect to 4, we cannot have ¢ < ¢’ with j(¢) = j(¢') and £(t) = £(t') (as
then Ni (1 -1)7,(C}) would contain N, (C})). As there are at most s(s—1)
choices for a pair (j(t),£(t)) and s? choices for t, we get a contradiction.

Hence we must have

H(G) < 70+ °12 <logy, _y(n) + 4k7 + 55°kT < logy, _1(n) + 6s°k7,
establishing (7.1) and concluding the proof of Theorem 1.4.
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