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FORCING QUASIRANDOMNESS IN A REGULAR
TOURNAMENT

by Jonathan A. NOEL,
Arjun RANGANATHAN & Lina M. SIMBAQUEBA (*)

ABSTRACT. — A tournament H is said to force quasirandomness if it has the
property that a sequence (T, ), en of tournaments of increasing orders is quasiran-

v(H)
dom if and only if the homomorphism density of H in T}, tends to (1/2)( 2 ) as
n — oo. It was recently shown that there is only one non-transitive tournament
with this property. This is in contrast to the analogous problem for graphs, where
there are numerous graphs that are known to force quasirandomness and the well
known Forcing Conjecture suggests that there are many more. To obtain a richer
family of characterizations of quasirandomness in tournaments, we propose a vari-
ant in which the tournaments (T}, ),cn are assumed to be “nearly regular” We
characterize the tournaments on at most 5 vertices which force quasirandomness
under this stronger assumption.

1. Introduction

A combinatorial structure is said to be “quasirandom” if it shares var-
ious properties which hold with probability tending to 1 in a large ran-
dom structure of the same kind. For example, a dense graph is quasiran-
dom if, for any two “large enough” sets of vertices, the density of edges
between them closely approximates the global edge density. Many seem-
ingly different but formally equivalent characterizations of quasirandom
graphs exist; see [10, 42, 45, 46]. For example, an equivalent definition of
quasirandomness in dense graphs is that the number of closed walks of
length four, i.e. homomorphisms from a 4-cycle, approximately matches
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the expectation in a random graph with the same number of vertices
and edges. The well-known Forcing Conjecture of Conlon, Fox and Su-
dakov [11], based on a question of Skokan and Thoma [44], asserts that
quasirandomness in graphs of a given edge density can be characterized
in terms of the number of homomorphisms of any fixed bipartite graph
with at least one cycle. The notion of quasirandomness was first intro-
duced by Ro6dl [42], Thomason [45, 46] and Chung, Graham and Wil-
son [10]. Since then, it has continued to attract a great deal of atten-
tion [5, 7, 8, 12, 13, 14, 15, 18, 19, 20, 21, 22, 23, 26, 30, 31, 32, 33, 44] and
was an inspiration behind combinatorial limit theory [6, 36, 37].

Our focus in this paper is on obtaining new characterizations of quasir-
andomness in tournaments, as studied in [2, 9, 16, 17, 24, 27, 28]; recall
that a tournament is a directed graph (i.e. a digraph) with no loops and
exactly one arc between every pair of distinct vertices. A homomorphism
from a digraph H to a digraph D is a map f : V(H) — V(D) such that
f(u)f(v) € A(D) whenever uv € A(H), where A(F') denotes the set of arcs
of a digraph F'. Let hom(H, D) denote the number of homomorphisms from
H to D and define the homomorphism density of H in D to be
hom(H, D)

v(D)vH) °

where v(F') denotes the number of vertices in a digraph F. Intuitively,
t(H, D) is the probability that a uniformly random function of the form
f:V(H)— V(D) is a homomorphism.

If T}, is a uniformly random tournament on n vertices, i.e. each arc is
directed randomly in one of the two possible directions with equal proba-

t(H,D) =

bility independent of all other arcs, and H is a tournament on k vertices,
then

R(H(H, T,)) = (1 o(1)) (1)@ ,

where the asymptotics are as n — oco. Furthermore, an application of the
Azuma—Hoeffding Inequality (see [1, Theorem 7.2.1]) tells us that the ran-
dom variable t(H,T,) is tightly concentrated around this expected value.
This motivates the following definition. A sequence (T}, )nen of tournaments
is said to be quasirandom if, for every k > 1 and every k-vertex tourna-
ment H,

k
T 1\ ()
s = (3)
In other words, a sequence of tournaments is quasirandom if every finite

“pattern” appears with nearly the same frequency in a tournament in this
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FORCING QUASIRANDOMNESS IN A REGULAR TOURNAMENT 129

sequence as it would in a sequence of uniformly random tournaments. Note
that every quasirandom sequence of tournaments must satisfy v(7},) — oo
as t(H,T,) = 0 if H is a tournament with v(H) > v(T},). An important
idea in quasirandomness is that it can often be characterized in terms of
the frequencies of only a small number of patterns. The following definition
is studied in, e.g., [2, 17, 27].

DEFINITION 1.1. — A tournament H with k vertices is said to
force quasirandomness if any sequence (Ty)nen with v(T,) — oo and
lim,, o t(H,T,) = (1/2)(2) is quasirandom.

Loosely speaking, this means that if the density of H in T, is asymptoti-
cally equal to its density in a random tournament, then this is true for any
other tournament H’ as well. In contrast to many combinatorial structures,
such as graphs, the class of tournaments which force quasirandomness is
very restricted. The transitive tournament on k vertices, denoted T'T}, is
the tournament obtained by listing the vertices in a row and directing all
arcs to the right. The fact that TT} forces quasirandomness for all k > 4
is a slight extension of [35, Exercise 10.44], and was reproved in [17] us-
ing the flag algebra method. Coregliano, Parente and Sato [16] also used
flag algebras to obtain an example of a 5-vertex non-transitive tourna-
ment that forces quasirandomness. This is tournament H;7 in the list of
all tournaments on at most 5 vertices provided in Figure 1.1. Buci¢, Long,
Shapira and Sudakov [2] proved that there are no non-transitive tourna-
ments on 7 or more vertices which force quasirandomness. Finally, Hancock
etal. [27] showed that there are no tournaments on at most 6 vertices which
force quasirandomness, apart from transitive tournaments on 4,5 or 6 ver-
tices and Hi7, completing the characterization of tournaments which force
quasirandomness.

THEOREM 1.2 (See [2, 16, 17, 27, 35]). — A tournament H forces quasir-
andomness if and only if it is a transitive tournament on at least 4 vertices
or is isomorphic to the tournament Hy7 in Figure 1.1.

Our focus in this paper is on tournaments H which force quasirandom-
ness under the additional assumption that the sequence (T}, )nen is nearly
regular meaning that, for every € > 0, there exists ng(e) such that, for
all n > ng(e), all but at most € - v(T5,) vertices of T, have out-degree be-
tween (1/2 —e)v(T,) and (1/2 + ¢)v(T},). Note that any nearly regular
sequence of tournaments must satisfy v(7},,) — oo since it is impossible for
all vertices of T, to have out-degree greater than % Also, a sequence
of uniformly random tournaments with the number of vertices tending to
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Figure 1.1. The tournaments on at most 5 vertices, up to isomorphism.
There are 20 such tournaments labelled Hy, ..., Hi9. The tournaments
Hy, Hi, Ho, Hy and Hg are transitive. The tournament Hg is the cyclic
tournament on 3 vertices and is also referred to as Cs. Similarly, Hg
is the unique 4-vertex tournament containing a spanning cycle and is
also referred to as Cy.

infinity is nearly regular with probability one; this follows from a simple
application of the Chernoff bound.

DEFINITION 1.3. — A tournament H on k vertices is said to force
quasirandomness in regular tournaments if any nearly regular sequence
k
(T)nen such that lim,, o t(H,T,) = (1/2)(2) is quasirandom.

Our main result is the following theorem on tournaments on at most 5
vertices which force quasirandomness in regular tournaments. In contrast
to Theorem 1.2, the class of tournaments which force quasirandomness
in regular tournaments seems as though it could be significantly broader
than those which force quasirandomness in general (not necessarily regular)
tournaments; see Questions 6.2 and 6.3. We note that a few cases of the next
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FORCING QUASIRANDOMNESS IN A REGULAR TOURNAMENT 131

theorem follow from the earlier results of [16, 35]; see Propositions 4.2, 5.1
and 5.3.

THEOREM 1.4. — Let Hy, ..., Hy9 be the list of all tournaments on at
most 5 vertices up to isomorphism, as in Figure 1.1.
(i) The tournaments Hy, Hy, Ha, Hs, Hg, H12, H16, H1s and H19 do not
force quasirandomness in regular tournaments.
(11) The tournaments H4, IT[57 HG; I’I77 Hg, Hlo, Hllv ng, H14, H15 and
H,; force quasirandomness in regular tournaments.

The rest of the paper is organized as follows. In the next section, we
translate the notions of homomorphism density, near regularity and quasir-
andomness into the language of “limit objects” for tournaments. Then, in
Section 3, we derive some necessary conditions and sufficient conditions for
the property of forcing quasirandomness in regular tournaments that will be
used in our proofs. In Section 4, we present several families of tournament
limit constructions which allow us to prove the assertion in Theorem 1.4 (i).
Then, in Section 5, we give a brief introduction to the flag algebra method
and use it to prove several inequalities on linear combinations of homomor-
phism densities of tournaments on 3 and 5 vertices and show that equality
holds only for a quasirandom sequence of tournaments. Theorem 1.4 (ii)
is then derived from these results. We conclude the paper in Section 6 by
discussing a few open problems.

2. Preliminaries

We begin with some standard notation and terminology related to tour-
naments. The adjacency matriz of a tournament T" with vertices vy, ..., v,
is the n x n matrix A in which the entry on the ith row and jth column is
equal to 1 if T" contains an arc from v; to v; and 0 otherwise. The out-degree
of a vertex v € V(T'), denoted d;.(v) is the number of arcs of T that start at
v and the in-degree d7.(v) is the number of arcs of T that end at v. In other
words, the out-degree is the sum of the entries in the row corresponding to
v in the adjacency matrix of T, and the in-degree is the sum of the entries
in the column corresponding to v. Additionally, a tournament T is regular
if every vertex of T has out-degree %

Our next goal is to introduce some tenets of the standard limit theory
for tournaments; for a deeper treatment of combinatorial limits (focusing
especially on graphs), see Lovdsz [36]. We note that, for our purposes,
there is no formal mathematical advantage of dealing with limit objects
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as opposed to infinite sequences of tournaments. The main benefits are
stylistic in nature; i.e. the limit setting allows us to avoid distracting the
reader by repeatedly mentioning that “n is large” and keeping track of
floors, ceilings, and lower order asymptotic terms which are technically
necessary but ultimately immaterial.

Following the terminology'"’ in [24, 25, 27, 39, 43], a tournamenton is a
measurable function W : [0,1]? — [0, 1] with the property that W (z,y) +
W(y,z) = 1 for all z,y € [0,1]. Essentially, a tournamenton is just a

“continuous generalization” of the adjacency matrix of a tournament; the
property W(x,y)+ W (y,x) = 1 is analogous to the fact that the adjacency
matrix A of a tournament 1" satisfies 4; ; + A;; = 1 for all ¢ # j. Given
a digraph D with vertex set V(D) = {v1,...,vx} and a tournamenton W,
the homomorphism density of D in W is defined to be the k-fold integral

t(D, W) ;:/01---/01 I Wi a)de - da.

v;v; EA(D)
Another way of viewing ¢(D, W) is in terms of the following random pro-
cedure. Pick k points a1, ...,z from [0, 1] uniformly at random and inde-
pendently from one another and let {vy, ..., v} be a set of vertices. Then,
for each i # j, add an arc from v; to v; with probability W (z;,z;) and
from v; to v; otherwise. The tournament 1" resulting from this is known as
a W-random tournament. It is not hard to see that ¢t(D, W) is precisely the
probability that all arcs of D are contained in a W-random tournament 7.
A sequence (T,,)nen of tournaments with v(7,,) — oo is said to converge
to a tournamenton W if lim,,, o t(H, T,,) = t(H, W) for every tournament
H. The following proposition is a standard extension of a fundamental
theorem in graph limits of Lovasz and Szegedy [38]. It is not new; similar

ideas are used in, e.g., [4, Subsection 2.2].

PROPOSITION 2.1. — For every sequence (T, )nen of finite tournaments
with v(T,,) — oo there is a subsequence of (T}, )nen that converges to a tour-
namenton W. On the other hand, for every tournamenton W, if (T,,)nen
is a sequence of W-random tournaments with v(T,,) — oo, then (T, )nen
converges to W with probability 1.

It will sometimes be convenient to extend the notion of quasirandom
forcing from tournaments to sets of formal linear combinations of tourna-
ments. Let T denote the set of all finite tournaments and R[T] be the set of

seems that the community has not settled on a definitive name for limit objects
Mg that th ity has not settled definiti for limit object
of tournaments. Other sources use tourneyon [48], tournament limit [5] or tournament
kernel [47]; however, the term tournamenton seems like the most popular variant so far.
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FORCING QUASIRANDOMNESS IN A REGULAR TOURNAMENT 133

all formal linear combinations of tournaments; i.e. expressions of the form
Z§=1 a;-H; for aq,...,a; € Rand Hq, ..., H; € T. We regard a single tour-
nament H as being the same as the formal linear combination 1- H. Given
such a formal linear combination H = Zt 1 - H; and a tournament 7', de-

fine t(H,T) = S°'_, o - t(H;, T) and let t(H,1/2) = 321, a; - (1/2)(""% o)

For a tournamenton W, we define t(H,W) similarly. We say that a set
S C R[T] forces quasirandomness if every sequence of tournaments (7}, )nen
such that v(T,) — oo and lim, . t(H,T,) = t(H,1/2) for all H € S is
quasirandom. We say that S forces quasirandomness in reqular tourna-
ments if the same conclusion holds for any sequence of nearly regular tour-
naments. For H € R[T], we say that H forces quasirandomness or forces
quasirandomness in reqular tournaments if the set { H} does. The following
proposition follows from standard results in combinatorial limit theory; in
particular, it is a very slight extension of [27, Proposition 1].

PROPOSITION 2.2. — Let S C R[T]. The set S forces quasirandomness
if and only if every tournamenton W such that t(H, W) = t(H,1/2) for all
H € S has the property that W (z,y) = 1/2 for almost all (x,y) € [0,1]?.

Given a tournamenton W and z € [0, 1], define the out-degree of = to be

/ny
1
=/W(y,md
0

We say that W is regular if dj,(z) = 1/2 for almost every x € [0, 1]. Note
that, in contrast to the usual in- and out-degrees in tournaments, degrees in

and the in-degree to be

tournamentons are always between zero and one. One should think of these
quantities as being analogous to the “normalized” degrees df.(v)/v(T) and
dr(v)/v(T) in a tournament T rather than the degrees themselves.

3. Basic Reductions

We now obtain a mild extension of a classical result of Kendall and
Babington Smith [29] which roughly says that, among tournaments T on n
vertices, the homomorphism density of 773 in T is minimized by a tourna-
ment which is “as regular as possible.” The following result is well known.

PROPOSITION 3.1. — Every tournamenton W satisfies t(TT5, W) > 1/8
with equality if and only if W is regular.
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Proof. — Let W be any tournameton. Then

t(TT5, W ///W:cy (z,2)W(y, z)dedydz

but also

t(TTs;, W / / / Wz, y)W(x, 2)W(z,y)dadydz.

Therefore, summing these expressions and using that W (y, 2)+W (z,y) = 1,
we get

(3.1) 26(TT5, W ///W:Ey (z, z)dzdydz

:/0 (/0 W(x,y)dy) (/0 W(a:,z)dz) ol:c:/o1 (di () da.

Since W is a tournamenton, we have that fol diy (r)dz = 1/2. So, by
Jensen’s Inequality,
2

/O(d+( (/ i (x dx) =1/4.

Combining this with (3.1), we get t(TT5, W) > 1/8. By strict convexity of
the function f(z) = 22, we have that equality holds in the above inequality
if and only if d?/_v (z) = d?,{, (y) for almost all  and y, which can only occur
if dif; (z) = 1/2 for almost all z. O

We now derive an analogous, but opposite, result for Cj; recall from
Figure 1.1 that Cj is the cyclic tournament on 3 vertices. The following
result is also well known.

PROPOSITION 3.2. — Every tournamenton W satisfies t(C5, W) < 1/8
with equality if and only if W is regular.

Proof. — For almost every z € [0, 1], we have d}j, (z) +dy, (¥) = 1. Thus,
1
1= / (di () + dyy () da
0
1 ) 1 1 )
— [ @) as s [ a @+ [ () an

By (3.1), the first term in the rightmost expression above is 2-t(TT5, W).
A similar argument to the proof of (3.1) implies that the last term is
2-t(TT3,W) as well, and that the middle term is 2t(Cs, W) 4 2¢(TT5, W).
Therefore, every tournamenton W satisfies

(3.2) 2t(03, W) + 6t(TT3, W) =1
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FORCING QUASIRANDOMNESS IN A REGULAR TOURNAMENT 135

or, in other words,
1
t(Cs, W) = 3~ 3t(TT3,W).
The result now follows by Proposition 3.1. O

Remark 3.3. — By following an argument similar to the proof of Propo-
sition 3.2, but for a finite tournament 7' rather than a tournamenton W,
one gets

WD)T) -1 = Y (AR () +dp ()

veV(T)
= 2hom(C3,T) + 6 hom(TT5,T) + 2hom(TT5, T).

One can obtain the following analogues of the previous propositions for
nearly regular sequences of tournaments by following essentially the same
proofs.

PROPOSITION 3.4. — Every sequence (T,)nen of tournaments with
v(T},) — oo satisfies
liminf t(T7T5,7T,) > 1/8.
n—oo

Moreover, (T, )nen is nearly regular if and only if lim, . t(TT3,T,) = 1/8.

PROPOSITION 3.5. — Every sequence (T,)nen of tournaments with
v(T),,) — oo satisfies
limsupt(Cs,T,) < 1/8.

n— oo

Moreover, (T),)nen is nearly regular if and only if lim,,—, o, t(Cs5,T,) = 1/8.

Using the previous two propositions, we derive the following character-
izations of sets of formal linear combinations of tournaments which force
quasirandomness in regular tournaments.

PROPOSITION 3.6. — Let S C R[T]. The following are equivalent:

e S forces quasirandomness in regular tournaments,
o SU{TT3} forces quasirandomness,
e SU{Cs} forces quasirandomness.

Proof. — We will only prove that the first statement is equivalent to the
second; the analogous result with 773 replaced by C3 follows from the same
arguments except that we apply Proposition 3.5 instead of Proposition 3.4.

Suppose that S forces quasirandomness in regular tournaments. Let
(Th)nen be a sequence of tournaments of increasing number of vertices
and lim,,_, o t(T75,T;,) = 1/8. Then (T},)nen is nearly regular by Propo-
sition 3.4. So, if we additionally assume that lim, . t(H,T;,) = t(H,1/2)
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for all H € S, then, since S forces quasirandomness in regular tour-
naments, we get that (7},)nen is quasirandom. Conversely, assume that
SU{TT;s} forces quasirandomness. Suppose that (T}, )nen is a nearly regu-
lar sequence of tournaments such that lim, . t(H,T},) = t(H,1/2) for all
H € S. Since the sequence is nearly regular, Proposition 3.4 tells us that
lim,, 00 (715, T,,) = 1/8. Therefore, since S U {T'T3} forces quasirandom-
ness, we have that (7, )nen is quasirandom. O

We now get a sufficient condition for forcing quasirandomness in regular
tournaments which we will use in the flag algebra proofs of Section 5.

LEMMA 3.7. — Let H be a tournament. If there exists o, 5 € R such
that the formal linear combination o113 + SH forces quasirandomness,
then H forces quasirandomness in regular tournaments. Similarly, if there
exists a, B € R such that the formal linear combination aC3 + SH forces
quasirandomness, then H forces quasirandomness in regular tournaments.

Proof. — Suppose that oTT3 + SH forces quasirandomness. Then the
set {TT3, H} forces quasirandomness, since any sequence (7T),)nen satis-
fying lim, o t(TT3,T,) = 1/8 and lim,_ t(H,T,) = t(H,1/2) must
satisfy lim, oo t(aTTs + BH,T,,) = t(aTT3 + SH,1/2) as well. So, by
Proposition 3.6, H forces quasirandomness in regular tournaments. O

We close this section with a simple necessary condition for forcing quasir-
andomness in regular tournaments that will be used in Section 4.

LEMMA 3.8. — Let H € R[T]. If there exist regular tournamentons Wy
and W1 such that

t(H,Wy) < t(H,1/2) and t(H,W;) > t(H,1/2),
then H does not force quasirandomness in regular tournaments.

Proof. — For each z € (0,1), let W, be the tournamenton defined by

Wi(z/z,y/z) if0<z,y<z,
We(z,y) = { Wol(z = 2)/(1 = 2),(y = 2)/(1 = 2)) ifz<ay<L,
1/2 otherwise.

An illustration of the structure of this graphon in the case z = 1/4 is given
below. Note that, in all pictures of tournamentons, the origin of [0,1]? is
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in the top left corner, in analogy with adjacency matrices.

Wy

N[

Wo

(SIS

Then t(H, W,) is a continuous function of the variable z for z € [0, 1] and
satisfies t(H, Wp) < t(H,1/2) and t(H,W7) > t(H,1/2). So, by the Inter-
mediate Value Theorem, there must exist z € (0,1) such that ¢t(H,W,) =
t(H,1/2). It is easily observed that W, is regular for all z € (0,1) because
Wy and W are regular.

Next, we claim that it is not the case that W,(z,y) = 1/2 for almost
all (z,y) € [0,2]%. Indeed, if it were the case, then, since z > 0, we would
have that Wi (z,y) = 1/2 for almost all (z,y) € [0,1]? as well. However,
this would imply ¢(H,W;) = ¢(H,1/2), which contradicts the assumption
of the lemma. So, we have W, (x,y) # 1/2 for a positive measure of points
(z,y) € [0,2]%. Thus, by Proposition 2.2 and Proposition 3.2, the pair
{H,Cs} does not force quasirandomness which, by Proposition 3.6, implies
that H does not force quasirandomness in regular tournaments. O

4. Negative Results

In this section, we show that Hy, Hy, Hy, Hs, H15, H1g and Hi9 do not
force quasirandomness in regular tournaments. The following class of tour-
namentons will be useful for this purpose. Given a finite tournament 7" with
a vertex set {1,...,k}, one can define a corresponding tournament Wr by
dividing [0, 1] into intervals I, ..., I} of equal measure and defining

1 if x € I; x I, for some ij € A(T),
Wr(z,y) :=1<1/2 ifx e I; x I; for some i € V(T),

0 otherwise.

OBSERVATION 4.1. — Let T be a tournament. Then T is regular if and
only if W is regular.
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We start with the “easy cases” Hy, Hy, Hy and Hs.

PRrOPOSITION 4.2. — The tournaments Hy, Hy, Hy and Hs do not force
quasirandomness in regular tournaments.

Proof. — Consider any regular tournamenton W such that there is a
subset of [0,1]2 of positive measure on which W # 1/2. For example, one
could take W = Wy for any regular tournament 77 e.g., T = C3 would
work. We have t(Hy, W) =1 and ¢(Hy, W) = 1/2, as these equations hold
for every tournamenton. Since Hy = TT5 and Hs = C3, we have t(Ha, W) =
t(Hs, W) = 1/8 by Propositions 3.1 and 3.2. So, by Propositons 2.2 and 3.6,
none of these tournaments force quasirandomness in regular tournaments.

O

Next, we consider the tournaments Hg and Hg.

PROPOSITION 4.3. — The tournaments Hg and Hg do not force quasir-
andomness in regular tournaments.'”’

Proof. — Note that Hg and Hys can be obtained from one another by
reversing all arcs. Therefore, one of them forces quasirandomness in regular
tournaments if and only if the other does. So, without loss of generality,
we focus only on Hy. Let the five vertices of Hg be denoted by w1, ..., us
taken in clockwise order starting with the top vertex in the picture of Hy
in Figure 1.1. Then wu; is a sink, the only out-neighbour of us is u; and the
vertices us, uq, us form a cyclic triangle.

The tournamenton W, is regular, and so we will be done if we can argue
that t(Hg, We,) = 2719, Let us compute this by hand. We take a We,-
random tournament on five vertices vy, ..., v; and compute the probability
that v;v; is an arc of this random tournament if and only if u;u; is an arc
of Hy. Let I, I and I3 be the three intervals used in the construction of
We,. First, if no two of the points vs, v4, v5 are sampled from the same such
interval, then the probability that vy is a sink is zero. Next, if vs, v4, v5 are
sampled from precisely two of the intervals Iy, I5, I3, then the probability
that they form a cyclic triangle is zero.

Finally, suppose that vy, vs, v3 are sampled from the same such interval.
There are three choices of interval and, for any choice, the probability of
all three of these points landing in that interval is (1/3)3. Given this, the
probability that they have the correct arcs among them is (1/2)3. Now, the
only ways in which the W¢,-random tournament can have the correct arcs

(2) The example in the proof of this proposition was pointed out to us by Bernard Lidicky,
Daniel Kral, Florian Pfender and Jan Volec after posting an earlier draft of this paper
to arxiv; see the acknowledgements at the end of the paper.
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with non-zero probability are if (a) v1 and vy are both mapped to the same
interval as vs, vy, vs, (b) v2 is mapped to the same interval as vs, v4, v5 and
v1 is mapped to the next interval in cyclic order, or (¢) both v; and vy are
mapped to the next interval in cyclic order. The probabilities of each of
these events, and the probability that the W¢,-random tournament has the
correct arcs given these events, can be computed fairly straightforwardly
to give the following:

=+ €Y ) (') 0)) -+
as desired. 0

We conclude the section by using Lemma 3.8 to prove that Hio, H1g and
Hi9 do not force quasirandomness in regular tournaments.

LEMMA 4.4. — The tournaments H15, H1g and H19 do not force quasir-
andomness in regular tournaments.

Proof. — We will prove the lemma via three applications of Lemma 3.8.
For each z € [0,1/2], let U, be the tournamenton defined by setting

for all z,y € [0, 1]. Visually, U, is the function obtained by dividing [0, 1]?
into a regular 3 x 3 grid and assigning values to points in each square of
the grid according to the following diagram.

1 1 1

P a3tz | 5%
1 1 1
3 7% 2 3tz
1 1_ 1
2 T2 2 —* 2
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140 J. A. Noel, A. Ranganathan & L. M. Simbaqueba

Note that Up is nothing more than the constant function equal to 1/2
everywhere, whereas Uy /5 is Wc,. Also note that U, is a regular tourna-
menton for all z € [0,1]. It is tedious, but not hard, to show that

1 1 7 1

H(Hyp U) = —— — — 44 L 6, — 8
(Hh2,Us) = 1007 = 567 T 108° T 8%

L1y 1, 74

HHig U) = —— — —24— — 26— L 8 anq

(Fhs,U2) = 1051 ~ 96 ~ 108° 162° " *°
1 5 5 5

H(Hyg Uy) = —— 4+ ——4 = 26, 2 8

(Fho,Us) = 1507 T 2887 ~36° T 162°

From this, we see that

t(Hi2,Uy ) 2) = 2746348 10124’
57161 1
HHhz, Urs) = Goa6e176 < T024°
t(Hig, Ur2) = 8251)44 10124’
t(Hig, Uy y3) = 54551699565184 = 101247
t(Hi9,Uyj2) = 82;44 < 10%

By Lemma 3.8, we get that Hi2 and Hi9 do not force quasirandomness
in regular tournaments. The last thing that we need is a tournamenton
W such that ¢(Hyg, W) > Let T be the 7-vertex tournament with
adjacency matrix

1024

0111000
0010110
0001101
0100011
1001010
1010001

1 100 1 0 0

Clearly, T is regular. This tournament was found by an exhaustive com-
puter search through all tournaments on a small number of vertices. By
computer, we have found that

1
t(H ~ 124 —_—
( 187WT) 0.00 9886 > 1024

Thus, we get that H;g does not force quasirandomness in regular tourna-
ments by one more application of Lemma 3.8. O
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5. Positive Results

In this section, we complete the proof of Theorem 1.4 by showing that all
tournaments in part (ii) of the theorem force quasirandomness in regular
tournaments. We start with five examples that can be derived straightfor-
wardly from known results.

PROPOSITION 5.1 (See [16, 35]). — The tournaments Hy, Hs, H7, Hg
and Hy; force quasirandomness in regular tournaments.

Proof. — The tournaments Hy, Hg and H;; force quasirandomness by
Theorem 1.2 (note that Hy and Hg are TT, and T'Ts, respectively), and so
they force quasirandomness in regular tournaments as well.

We consider Hy and let (T},),en be a nearly regular sequence of tourna-
ments. Note that Hs consists of a cycle on three vertices and one “sink”
vertex; i.e. a vertex of out-degree zero. For each v € V(T},), let N, (v)
denote the in-neighbourhood of v and d; (v) the in-degree of v. For a set
S CV(Ty), let T,,[S] be the subtournament of T, induced by S. Then

hom(Hs,T),) = Z hom(C3, T,,[N,, (v)]).
veV(Ty)
To see this, we note that the term corresponding to v counts homomor-

phisms from Hy to T}, in which the sink is mapped to v. This can be rewrit-
ten using the fact that hom(C3, T, [N, (v)]) = d;, (v)3 - t(C3, T,[N,; (v)]), as

follows.

_ 3 _
hom(Hs, Tp) = Y (dy (v))” t(Cs, Tu [N,y (v))).
veV(T,)
Using Remark 3.3, we can rewrite this again as

hom(H, T,) = Y (d,;(v))31

3 (1= 6t(TTs, T, [N, (v)]) —o(1)) .
veV(Ty)

Now, if we use the fact that (7}, )nen is nearly regular, the right side of the
above equality becomes

W(T)/2* =3 > (dy (v)° (TTs, T[N, (v)]) = o(v(T)*)
veV(T,)
= (v(T,)/2)* = 3hom(TTy, T,,) — o(v(Ty)*)
where the fact that 3,y (g, (dy (v)* t(TT3, T[N (v)]) = hom(T'Ty, T,)

follows from a similar “double-counting” argument as we used before to
express hom(Hs, T},) as a summation. If we divide this by v(T},)*, we get

t(Hs, T,) = (1/2)* = 3t(TTy, T,,) — o(1).
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So, if limy, o0 t(Hs, T},) = (1/2), then lim,, o, t(T'Ty,T,,) = (1/2)°. Since
TT, forces quasirandomness (see Theorem 1.2), the sequence (T},),cn must
be quasirandom, and hence we get that Hs forces quasirandomness in reg-
ular tournaments. Note that H7 is a cycle on three vertices with a source
vertex (i.e. a vertex of in-degree zero) and so the fact that it forces quasiran-
domness in regular tournaments follows from a very similar argument. [

We next consider Cy = Hg. The fact that Hg forces quasirandomness in
regular tournaments is easily derived from the following result of [4].")

LEMMA 5.2 (Chan, Grzesik, Kral and Noel [4, Corollary 6]). — If W is
a tournamenton and 1/2 < z < 1 such that

tH(Cs, W) = é (z* 4+ (1-2)%),

then

t(Cy, W) = 64( +(1-2)"),
where equality holds if and only if there exists a measurable function f :
[0,1] — [0,1/2] such that W(z,y) = 1/2 4+ f(z) — f(y) for almost every
(z,y) € [0,1]%.

PROPOSITION 5.3 (See [4, Corollary 6]). — Hg forces quasirandomness
in regular tournaments.

Proof. — Note that Hg is Cy4. Let W be a regular tournamenton. By
Proposition 3.2, we have ¢(C3, W) = 1/8. So, applying Lemma 5.2 with
z = 1 gives us that t(C4, W) > 1/64, where equality holds if and only
if there is a measurable function f : [0,1] — [0,1/2] such that W (z,y) =
1/2+ f(x)— f(y) for all z,y € [0, 1]. Since W is regular, we have, for almost
all z € [0,1],

ffdJr /nydy—/ (;Jrf(ﬂf)f(y))dy,

which implies that f(x fo y)dy. Therefore, the function f is constant
almost everywhere Wthh tells us that W (z,y) = 1/2 for almost all (x,y) €
[0,1]2. So, we are done by Proposition 2.2. O
The goal in the rest of this section is to prove the following five the-
orems which, together with Lemma 3.7 and Proposition 2.2, imply that
Hyo, Hy1, H13 and Hy4 force quasirandomness in regular tournaments. Note

(3) Note that, in [4], they use Cy to denote the 4-vertex directed cycle digraph, whereas
here we let C4 denote the unique 4-vertex tournament containing such a cycle. Because
of this, the value of ¢(C4, W) in this paper is precisely 1/4 times the value of ¢(C4, W)
in [4] for every tournamenton W.
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FORCING QUASIRANDOMNESS IN A REGULAR TOURNAMENT 143

that His is the tournament obtained from H;y by reversing all the arcs.
Therefore, we will get that Hi5 forces quasirandomness in regular tourna-
ments as well.

THEOREM 5.4. — For every tournamenton W,

| Ot

1
8-t(C3, W) + i 1024 - t(Hyp, W) <

)

where equality holds if and only if W(z,y) = 1/2 for almost all (z,y) €
[0,1]2.

THEOREM 5.5. — For every tournamenton W,

1 5
8-t(Cs, W) + 1 1024 - t(Hy1, W) < T

where equality holds if and only if W(z,y) = 1/2 for almost all (z,y) €
[0,1]%.

THEOREM 5.6. — For every tournamenton W,
8
77
where equality holds if and only if W(z,y) = 1/2 for almost all (z,y) €
[0,1]%

1
8 t(TT5, W) + = - 1024 1(Hi3, W) >

THEOREM 5.7. — For every tournamenton W,

6

ga

where equality holds if and only if W(x,y) = 1/2 for almost all (z,y) €
[0,1]2.

1
8 H(TTs, W) + ¢ - 1024 - t(Hia, W) >

We now deduce our main result from these five theorems, after which we
will prove the theorems themselves.

Proof of Theorem 1.4. — By Propositions 2.2, 5.1 and 5.3 and The-
orems 5.4, 5.5, 5.6 and 5.7, together with the fact that and His is ob-
tained from Hyg by reversing all arcs, each of the tournaments H; for i €
{4,5,6,7,8,10,11,13,14,15,17} forces quasirandomness in regular tour-
naments. By Proposition 4.2 and Lemma 4.4, the tournaments H; for
i€{0,1,2,3,12,18,19} do not. This completes the proof. O

We now focus our attention on the proofs of Theorems 5.4-5.7. We will
apply the flag algebra method, introduced by Razborov [41]. This method
has had a heavy impact throughout extremal combinatorics, including sev-
eral successful applications to problems involving tournaments [3, 16, 17,
34]. Our presentation of the method will follow along similar lines to the
treatment in [40, Section 5] for graphs.
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For each tournament J and tournamenton W, the induced density of J
in W is defined to be
v(J)!
aut(J)
where Aut(J) is the set of all automorphisms of J and aut(J) := |Aut(.J)|.
It is not hard to see that d(J, W) is precisely the probability that a W-
random tournament with v(J) vertices is isomorphic to J. The following
lemma just says that these probabilities sum to 1.

(5.1) d(J, W) := (W),

LEMMA 5.8. — For any m > 1 and tournamenton W,
> A W) =1,
Jw(J)=m

where the sum is over all m-vertex tournaments J up to isomorphism.

In this paper, a flag is a pair (F,r) where F is a tournament on vertex set
{1,...,v(F)} and r < v(F). The vertices {1,...,r} are known as the roots
of the flag. Given a flag (F,r) and a tournamenton W, define ¢,.(F, W) :
[0,1]" — [0, 1] by

1 1
t (B, W) (21, ..., 2.) = / = / H Wi, x;)dz, 1 - - Aoy py.
0 O ijeA(F)
That is, it is the same as the usual homomorphism density, except that
we only integrate over the variables z; for i € {r + 1,...,v(F)}. Now, for
r < k and any tournament R with V(R) = {1,...,r}, let Fx(R) be the
collection of all distinct (but possibly isomorphic) flags (F,r) such that F
has k vertices and the subtournament of F' induced by {1,...,r} is equal
to R (not just isomorphic to R, but has exactly the same arc set). Note
that Fi(R) has cardinality 9r(k=m)+("2") | The following lemma uses the
same idea as the proof of Proposition 3.1; that is, it exploits the fact that
W (z,y) + W(y,z) = 1 for every tournamenton W and (z,y) € [0, 1]2.

LEMMA 5.9. — Let R be a tournament with V(R) = {1,...,r} and let
k > r. For any tournamenton W we have

>t (EW) (@1, 3) =t (RW)(21,. . 2)
(F,r)eFr(R)
for almost every (x1,...,z,.) € [0,1]".
Proof. — For this proof, it is convenient to extend the notion of a flag

slightly to include any pair (D,r) where D is a digraph on vertex set
{1,...,v(D)} and r < v(D). The function t,.(D,W)(z1,...,z,) is defined
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in the same way as it is for tournaments. Given a tournament R on vertex
set {1,...,r} and a graph G with vertex set {1,..., m} containing a clique
on {1,...,r}, let Fg(R) be the set of all flags (D, r) where D is obtained
from orienting the edges of G so that the subdigraph induced by {1,...,r}
is equal to R. We claim that

S (D W), w) = (R W) ()
(D,r)eFa(R)

for almost every (z1,...,z,) € [0,1]". We proceed by induction on e(G).
First, if every edge of G is in {1,...,7}, then the equality is clear, since
integrating out the variables corresponding to vertices not in {1,...,r}
just produces factors of 1. Now, let uv be any edge of G not contained in
{1,...,r}. For any (D,r) € Fg(R) containing an arc from u to v, there is
aflag (D', r) € Fg(R) with all the same arcs as D except that the edge uv
is oriented in the other direction. Let D’ be obtained from D by deleting
the arc uv. Since W (z,y) + W(y,z) = 1 for almost all (z,y) € [0,1]* we
have

tr(D,W) (21, .. 2p) + (D, W) (21, ..., 2) = t,. (D", W)(21, ..., 7).

Pairing up all digraphs in Fg(R) in this way gives us that

> (D W) (.. a,) = > to (D", W) (21, ..., z,)

(D,r)eFc(R) (D", r)EF G\ {e} (R)
and we are done by induction. O

Given tournaments H and J with v(H) < v(J), define the injective
homomorphism density tin;(H,J) to be the probability that a uniformly
random injective function from V(H) to V(J) is a homomorphism. That
is, it is the number of injective homomorphisms from H to J divided by
the number of injective functions from V(H) to V(J). In the case that
v(H) > v(J), simply define t;,;(H,J) to be zero. Let T<,, be the set of
all tournaments on at most m vertices up to isomorphism and R[7¢,,]
be the set of all formal linear combinations of elements of T¢,,. We extend
tinj( -, W) to elements of R[T<,,] linearly, analogously to ¢( -, W'). We derive
the next lemma from Lemma 5.9.

LEMMA 5.10. — For any m > 1, H € R[T<y,] and tournamenton W,

HHW) = Y twi(H,J) - d(J, W),
J:w(J)=m

where the sum is over all m-vertex tournaments J up to isomorphism.
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Proof. — We may assume that H is a single graph, as the general result
will follow from linearity. Let » = v(H) and note that we may assume
V(H)=A{1,...,r}. By Lemma 5.9, we have that

(5.2) te(HW) (1, .me) = > (B, W)(21,.. ., 2p)
for almost every (z1,...,x,) € [0,1]". Integrating this over all (z1,...,2,) €

[0,1]" gives us t(H, W) on the left side.

On the right side, we get gr(m=m)+("3") terms, each of which is of the
form ¢(J,W) for some graph J on m vertices. For each graph J on m
vertices, up to isomorphism, let us compute the coefficient of ¢(J, W). If
hom(H,J) = 0, then the coeflicient is zero, so we assume that there is at
least one injective homomorphism from H to J. So, we may assume that
V(J) ={1,...,m} and the subtournament of J on {1, ...,r} is equal to H.
Consider the subgroup I' of the symmetric group S,,, consisting of bijections
on {1,...,m} whose restriction to {1,...,r} is a homomorphism from H
to J. Then Aut(J) is a subgroup of I'. Now, the coefficient of ¢(J, W) on the
right side of (5.2) is equal to the number of cosets of Aut(J) in " which, by

standard facts from group theory, is 1ommiUTN)(m=r)! "ppiine all of this

aut(J)
together,
homyy; H7‘] m—r)!
W)= S J(aut(}g Fi W)

Jw(J)=m

- Z hOIninj (Ha J)(m — T)! . m! t(J W)

= ml aut(J)
Jw(J)=m

= Z tinj(Hv J)d(‘L W) -
Jw(J)=m

At this point, let us briefly pause our discussion of the flag algebra
method to prove the following lemma which will be very useful in char-
acterizing the equality cases in Theorems 5.4-5.7.

LEMMA 5.11. — If W is a tournamenton such that 8t(Cy, W) =
t(TT5, W) and 8t(TTy, W) = t(TT5, W), then W = 1/2 almost everywhere.

Proof. — There are four tournaments on four vertices up to isomorphism.
Among these, TT, contains four transitive triangles, Cy contains two, and
the other two tournaments, Hs and H7, contain three each. There are
4! = 24 injective maps from a set of cardinality three to a set of cardinality
four. So, applying Lemma 5.10 to the case H = T7T3 and m = 4 yields

4 2 3 3
t(TT3,W) = ﬂd(Tﬂ, W)+ ﬂd(czh W)+ ﬂd(an W)+ ﬂd(H% w).
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Now, using Lemma 5.8 to cancel out the terms involving Hs and H7 gives us

3

t(TT3, W) — 2

1 1
= —d(TT. - — .
24d( 47W) 24d<047W)
By (5.1) and the fact that aut(77Ty) = aut(Cy) = 1, this is equivalent to
1
HIT5, W) = 5 =TT, W) —+(Ca, W).

Now, using the hypothesis of the lemma, we get that the right side is zero.
Therefore, we have t(TT5, W) = 1/8. Applying the hypothesis once again
gives us t(TTy, W) = 1/64 which, by the fact that TT, forces quasiran-
domness (see Theorem 1.2), implies that W = 1/2 almost everywhere. [

We now present the flags that we will use in the proofs of Theorems 5.4—
5.7. In each depiction of a flag (F,r), the root vertices 1, ..., r are depicted
as square nodes, listed left to right in increasing order. Each flag will have
exactly one non-root vertex which is depicted as a circular node. We use

the flags in F3(T'Ts), labelled by F} for 1 < i < 4 as follows:
VAN A. ./ A
Py Fy Fy Fy

We also use the flags in F4(TT3), which we label by F? for 1 < i < 8 as
follows:

<>' '\/ %‘ ﬁL

/\./ /%ﬁﬁ

Fs?

l\J
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Finally, we have the elements of F,(C3), labelled F for 1 < i < 8 like so:
\ ; E / "

Next, we require a multiplication operation on pairs of flags.

DEFINITION 5.12. — Let R be a tournament with vertex set {1,...,r}.
Say that two flags (Fy,r) and (Fy,r) are R-compatible if v(Fy) = v(F3)
and, for each i € {1,2}, the subtournament of F; induced by the roots
is equal to R. Say that (Fy,r) and (Fy,r) are compatible if they are R-
compatible for some tournament R of order r.

DEFINITION 5.13. — Let R be a tournament with vertex set {1,...,r}.
Given R-compatible flags (Fy,r) and (F3,r) and a tournamenton W, define
tT(Fl . FQ, W) : [07 ].]T — [0, 1} by
tr(Fl, W)(Il, ce 7937n) . tT(FQ, W)(l‘l, ce ,IT)

tT(Raw)(xla"me) ’
ift (R, W) (z1,...,2r) # 0 or t.(Fy - Fo, W)(x1,...,z,) := 0 otherwise.

to(Fy - Fo, W)(x1,...,2) 1=

A key idea in the flag algebra method is that, for two R-compatible
flags (F1,r) and (Fa,r), the integral of t,.(Fy - Fo, W)(x1,...,2,) over
[0,1]" can be expressed as a linear combination of d(J, W) over all tour-
naments J with v(F;) + v(Fy) — v(F) vertices. We have actually already
seen an instance of this, in disguise, in the proof of Proposition 3.1. If
we let F; = Fy be the tournament on vertex set {1,2} where 1 is the
source, then t1(Fy - Fp, W)(x1) = (d%(ml))Q. Therefore, (3.1) expresses
fol t1(Fy - Fo, W)(x1)dx; as a linear combination of d(.J, W) over all tourna-
ments J with 3 vertices. The same sort of “handshaking” argument applies
to any other product of compatible flags to yield the following lemma.
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LEMMA 5.14. — Let R be a tournament with vertex set {1,...,r}, let
(F1,r) and (F,r) be R-compatible flags and let m > v(Fy) + v(Fz) —
v(F). Then there exist constants b, (Fy, Fy; J) for each tournament J on m
vertices such that

/ / - Iy, )($1,...,xr)dx1...dxr

- Z br(FlaF27J)d(']7W)
Jw(J)=m

for every tournamenton W, where the sum on the right side is over all
m-vertex tournaments up to isomorphism.

We provide an example to illustrate how to compute the coefficients
b, (F1, F3;J) in Lemma 5.14. We also remark that all of the coefficients
that are needed for our proofs are listed in Appendix A for convenience.
Consider the ﬂags F} and Fi from F3(TTz) as defined earlier in this section.
Then fo fo L. By W) (z1,22)dr1dzy can be written as

/01 /01 W (x2,21) (/01 W(x37951)W($3,x2)dx3>
. (/01 W($3,$2)W(x171'3)d$3> dzydo

which, by a change of variables, equals to

/01 /O1 W (xo, 1) (/01 W(xg,xl)W(m3,x2)dx3)

1
( W .%‘4,3?2 (.1‘1,.’1?4)(11‘4) d.’L‘ld.’L‘g
0

////Wx2’$1)W(x37xl> (3, 2)

W(SL‘4,J]2) ($1,$4)d$1d$2d$3d$4
= W(Z’Q,xl)W(xg,ZL’1)W((E3,$2)W($4,£L’2)W((£1,$4)
[0,1]*
. [W(ZIJ4, .763) + W(JZ?,, $4)] dzidzodrsdey.

Expanding the sum in the above expression yields

(5.3) //0t(Ff.F;,W)(xl,xg)dxldxg:t(H6,W)+t(H7,W).
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Now, by definition of d(-, W), the right side of (5.3) can be rewritten as
1 3
—d(H, —d(H .
24d( 67W)+24d( 7)W)

Thus, for these two flags, we have by(F{, F3; Hr) = 2 and by(F}, F3; Hg) =
i. Also, by(F}, F}; J) = 0 for any 4-vertex tournament not isomorphic to
Hg or Hy. For any flags (Fy,r) and (F,r) and tournamant J with at least
v(F) + v(Fy) — r vertices, the coefficient b,.(Fy, F»; J) in Lemma 5.14 can
be computed explicitly via a similar procedure. As mentioned earlier, all of
the coefficients that we require in our proofs are included in Appendix A.

Finally, we state the key lemma that will be used in the proofs of Theo-
rems 5.4-5.7. A symmetric ¢t x t matrix M is said to be positive semidefi-
nite, written M = 0, if all of its eigenvalues are non-negative. Equivalently,
M = 0 if and only if Zle Z§:1 M; jxix; > 0 for any zq,...,2¢ € R.

LEMMA 5.15. — Let m be an integer and H € R[T<,,]. Let £,tq, ..., tq,

T1,...,7¢,k1,..., ke be positive integers such that kg > rq+1 and 2kq—rq <
m for all1 < q < L. Foreach1 < q </, let (Ff,ry),...,(F,ry) be pairwise
compatible flags on vertex set {1,...,kq} and Ay be a positive semidefinite

tq X tq matrix. Then every tournamenton W satisﬁes

q t‘]

¢t
t(H,W) > ; rg;l tin(H,J) = > Y Y by (FELFL ) - (Ag)i
e )=m g=1i=1 j=1

Moreover, if W is a tournamenton such that equality holds, then, for every
1 < ¢ < { and almost every (x1,...,2,,) € [0,1]", the vector

(trq(Ff,W)(:cl, Ty sty (L W) (1, 9:))
is in the kernel of A,.

Proof. — Let W be any tournamenton. By Lemma 5.10,
(5.4) HHW) = > tw(H, J)d(J,W).
Jw(J)=m

We claim that the following holds for any 1 < ¢ < £ and (1,...,7,,) €
[0, 1]7:

tq tq
(5.5) SN (A tFE - FL W) (an, . 2p,) > 0.

i=1j=1
Indeed, if (21,...,2,,) € [0,1]" are such that t(R?,W)(xy,...,2,,) =
0, where R? is the subgraph of any of the flags FY,...,F{ induced by
{1,...,74}, then every term of the sum is zero. On the other hand, if
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t(RY, W)(21,...,%,,) # 0, then applying the definition of ¢(F} - F}, W)
gives us that the sum is non-negative due to the fact that A, is positive
semidefinite. Now, if we integrate out all of the variables in (5.5), we get

L t‘] tq

Do DD (A b, (FLFF ) -d(J,W) 2 0.

J:w(J)=m q=1i=1 j=1

Putting this together with (5.4) gives us

t(H, W)
t‘l t‘l
> 0t (H D) =D DD (A b, (FELEST) | - d(T,W).
J:w(J)=m qg=11i=1 j=1

Finally, by Lemma 5.8, we have that > ;5 _,, d(J,W) =1 and so the
quantity on the right side of the above inequality is bounded below by the
minimum of the coefficient of d(.J, W) over all J. This is precisely the bound
in the lemma.

Now, let us discuss the case of equality. If, for some 1 < ¢ < ¥, there is a
positive measure subset of [0, 1]" such that the vector

(trq(Ff’,W)(xl, Ty sty (FL W) (s x))

is not in the kernel of Ag, then the inequality (5.5) is strict for a positive
measure of points. This, in turn, translates to a gap in the final bound. So,
if equality holds, then such vectors must be in the kernel of A, for each
1 < ¢ < and almost all (xq,...,z,,). O

Without further delay, we use the flag algebra method to prove Theo-
rems 5.4-5.7.

Proof of Theorem 5.4. — We apply Lemma 5.15 for m = 5, t5 = t3 = 8§,
ro =13 =3, kg = k3 = 4, flags F? and F? defined earlier and the following
matrices Ay and As:

[ 4724 —1883 1081 —4598 3827 —293 1390 —4248]
—1883 6512 —4787 3150 39 378 —2965 —444
1081 —4787 3856 —2274 371 313 2010 798
1 | —4598 3150 2274 5490 3658 156 —1734 3468
T 245 | 3827 39 =371 —3658 4600 —420 945  —4962
—293 378 —313 156 —420 606  —660 546
1390 —-2965 2010 —1734 945 —660 2376 —1362
| —4248 —444 798 3468 —4962 546 —1362 6204 |
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[ 612 162 162 —-162 162 -162 —162 —612]
162 2082 342 252 342 —24  —1050 —2106
162 342 2082 —24 342 —1050 252  —2106
Ay = 1 ]-162 252 —24 1554 —1050 —186 —186 —198
245 | 162 342 342 —1050 2082 252 —24  -2106
—-162 —24 —1050 —186 252 1554  —186  —198
—-162 —1050 252 —186 —24 —186 1554  —198
|—612 —2106 —-2106 —198 —2106 —198 —198 7524 |

Both of these matrices are positive semidefinite. We need that, for every
tournament J on 5 vertices, the expression

1
8 - tinj(Cs, J) — 1 1024 - tinj(H1o, J)

8 8

8 8
7ZZbQ(F12FJ2,J)(AQ)L]*ZZZ)Q FS FS (Ag)l'ﬁj

i=1 j=1 i=1 j=1

is equal to —5/4. The values of the coefficients can be found in the appendix
at the end of the paper. We will only compute this expression for two
examples of J for the sake of demonstration. First, in the case that J = Hg,
it becomes

1

1

~8:0— 10240~ 120(A2) 1 - m(AQ)l,Q 120(142)

L L 2 A L — (A

ﬁo( 2)1,8 ﬁ( 2)2,1 ﬁ( 2)2,2 @( 2)2,4 — 120 2)2.8

1 1

71720(@)4*1 120(A2) 2 120(’42) AT ﬁ(AQ)“*S 120<A2)
1 1 9
- m(AQ)S,Q - m(A2)8,4 - Tm(AQ)S,S

which, upon plugging the appropriate values from As, becomes

1 2 4724 1 1883 1 4598
—8 0= 10240 o5 5 Y120 2as T 120 245
1 4248 1 1883 2 6512 1 3150 1 444

T120 245 7120 245 120 245 120 245 120 245

1 4598 1 3150 2 5490 1 3468 1 4248

120 245 120 245 120 9245 120 245 T 120 245
1 444 1 3468 2 6204 5

Jr120 245 120 245 120 245 4
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As another example, consider J = Hjys. The expression becomes

-8 %71 -1024- Ofm(Ag) 5= 120(A2) 3— 120(A2)6 7fm(A2)
- %0(1%)1,8 - 1370(143)2,6 - %(A3)3,4 - %(A3)4,3 130 (As)s,7
~ o5 (As)az — 155 (As)rs — T (A
which evaluates to
81020 S D S S TR O
n i @ n 3 24 3 24 3 24 3 24

120 245 T 120 245 T 120 245 T 120 245 T 120 245
3 24 3 24 3 612 5

190 225 T120 245 T120 245 4
Now, suppose that W is a tournamenton such that

1 5
8 1(Ca, W) + 4 - 1024 1(Hio, W) = |

and let us show that W is equal to 1/2 almost everywhere. The kernel of As
is spanned by (1,1,1,1,1,1,1,1)7. By the “moreover” part of Lemma 5.15,

) ) 9 ) ) ) )

we must have that
t3(FE, W) (21, 32, 23) = t3(Fy, W) (21, 32, 23) = - - - = t3(Fg, W)(x1, 22, T3).

By Lemma 5.9, we have

t F W 3?1,.%‘2,3?3) = t(TTg,W)(xl,.’Eg,l‘g)

Moo

i=1

for almost all (21, 22, x3) € [0, 1]3. Putting these two facts together, we must
have tg(F12, W)(scl, ZTo, 33‘3) = 253(1?727 I/V)(.”,L'l7 ZTo, $3) = %t(TTg,, W)(ml, o, .%'3)
for almost all (21,2, 23) € [0,1]3. Integrating out these two equalities over
all (x1,22,23) € [0,1]3 yields t(TTy, W) = £t(TT3, W) and t(Cy, W) =
$t(TTs, W), respectively. So, we get that W = 1/2 almost everywhere by
Lemma 5.11. O
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Proof of Theorem 5.5. — We apply Lemma

matrices:

[ 257
~130
—214
1| 127
7| —57
201
40
| —224

(184
~31
~31
1| 22
7| -31
22
22
| —157

Ao

—130
199
123

—179

72

—130
—86
131

-31
62
—10
—26
—10
4
—11
22

—214
123
210

—134

45

—190
—48
208

-31
—10
62
4
—10
—11
—26
22

127
—179
—134

204

—79

120

7
—136

22
—26
4
61
—11
—11
—11
—28

-7
72
45

—79
58

—44

-30
35

-31
—10
—10
—11
62
—26
4
22

=

5.15

5

201
—130
—190

120

—44

219

o1
—227

22
4
—11
—11
—26
61
—11
—28
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with the following

40
—86
—48

7
-30

51

99
—63

22
—11
—26
—11

4
—11

61

—28

—224]]
131
208

—136

35

—227
—63
276

—157]
22
22

—28
22
—28
—28
175

These matrices are positive semidefinite. We need that, for every tour-
nament J on 5 vertices, the expression

1
8 - tinj(Cs, J) — 1 1024 - tinj(H11, J)

8 8 8 8
DD NN TR DN

i=1 j=1 i=1 j=1

)+ (A3z)i;

is equal to —5/4. The values of the coefficients can be found in the appen-
dix at the end of the paper. We will only compute this expression in one
example for the sake of demonstration. In the case J = Hig, it becomes

15 1
~8- 50 1 0 O_H()(A” T 120(‘42)7’5 120(’43)27
5
- — (A —— (A A A A
120( 3)3,6 120( 3)4,5 120( 3)54 120( 3)63 120( 3)
which is
15 5 30 5 30 5 11
—8- ——710240 - -y ==
60 4 T 7 10 7 T 7
RS S U R P R S S
120 7 120 7 7 120 7 120 7 4
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Now, suppose that W is a regular tournamenton such that

1 5
8 1(Ca, W) + - 1024 1(H1, W) = |

and let us show that W is equal to 1/2 almost everywhere. The kernel
of Ay is spanned by (1,1,1,1,1,1,1,1)7. So, analogously to the proof of
Theorem 5.4, we get that W is equal to 1/2 almost everywhere. O

Proof of Theorem 5.6. — We apply Lemma 5.15 with the following
matrix:

[ 3680 1296 1080 —2376 —6376 1400 2808  —1512]
1296 4528 —1080 —1512 —4424 —1400 5832 —3240
1080 —1080 5616 —2160 —3240 3240 —5400 1944

1 |-2376 -1512 —-2160 4320 5400 —1512 —3240 1080

T 945 | —6376 —4424 —3240 5400 16200 —5400 —5400 3240
1400 —1400 3240 —1512 —-5400 5400 —3240 1512
2808 5832  —5400 —3240 —5400 —3240 16200 —7560

|—1512 —3240 1944 1080 3240 1512 —7560 4536 |

This matrix is positive semidefinite. We need that, for every tournament J
on 5 vertices, the expression

8 8
1
s-tmj(TTg,J)Jr?.1024-tmj(H13,J)—ZZ (F2 - F%J) - (A2)i

is equal to 8/7. The values of the coefficients can be found in the appendix at
the end of the paper. We will only compute this expression in one example
for the sake of demonstration. In the case J = His, we get

6 1 1
1
- —(A A A A
190 A2)5.4 — 120( 2)5.5 120( 2)5.8 120( 2)7.1
1 2 1
——(A ——(A ——(A
120( 2)7,2 120( 2)7,7 120( 2)8,5
and plugging in yields
6 6,1 oy 11308 1 582 15400
60 7 120 120 945 120 945 120 945

1 5400 2 16200 1 3240 1 2808

120 945 120 945 120 945 120 945
1 5832 2 16200 1 3240 8

1200 945 120 945 120 945 7
Now, suppose that W is a tournamenton such that

1 8
8 t(TT3, W) + = 1024 t(His, W) = -
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and let us show that W is equal to 1/2 almost everywhere. The kernel of
Ay is spanned by (1,1,1,1,1,1,1,1)7 and (1,1,-1,-1,1,1,-1,—-1)". By
Lemma 5.9, for almost every (21,29, 73) € [0, 1]?, we have

Zt(Ff? W)(l‘l,l’g,l'g) = t(TTZS, W)(fﬂl,l‘g,()’]g).
=1

Combining these two facts with the “moreover” part of Lemma 5.15, we
must have that, for almost every (w1, 72,23) € [0,1]* and any (i,j) €
{1,2,4,5} x {3,4,7,8},

1
t(Fzz?W)(xth,zS) + t(Fan W)(Ilaz%xl}) = it(TTfia W)(:ElaIanlS)'

Applying this in the case i = 5 and j = 7 and integrating over all (z1, 22, x3)
yields

H(Cy, W) = %t(TTg,W).

Also, setting ¢ = 1 and j = 4 and integrating gives us

1
HTT, W) = St(TT5, W).

So, we conclude that W = 1/2 almost everywhere by Lemma 5.11. O
Proof of Theorem 5.7. — We apply Lemma 5.15 with the following
matrices:

and

.
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Both are positive semidefinite. We need that, for every tournament J on 5
vertices, the expression

4 4
1
8 - tinj(TT3, J) + 51024 ting(H1a, J) = > Y bo(F - Fl5J) - (A1)

i=1j=1
s 8

=N bo(FP - FRT) - (A
i=1 j=1

is equal to 6/5. Again, the values of the coefficients can be found in the
appendix at the end of the paper. For J = Hg, the expression becomes

10 1 10 10 10
10240 — — (A1 — — - (A1) — — - (A
850 T 1510240 I5g - (Ao = 5 (Aiz = 55~ (A
10 10 10
—ﬁ'(A1)2,2—ﬁ'(fh)z,z;—m'(fh)zm
_d L 1t .t 1.6
3 15 15 15 15 15 15 5
For J = Hy, it is
9 1 6 18 6 6
— 4 —1024-0——A;(1,1)——A1(1,2) ——A,(1,4)——A,(2,2
860+15 0 0 120 1(; ) 120 1(7 ) 120 1(a ) 120 1(7 )
6 12 6 6
——A4(2,4) — —A 4) — —A(4,4) — —A
120 l(a ) 120 1(3a ) 120 l(a ) 120 3(8a8)
6,y L3 1 1,1 2 1 2 6
5 25 25 25 25 25 25 25 25 &

The rest of the calculations are similar.
Now, suppose that W is a tournamenton such that

1 6
8- t(TT3, W) + 2 - 1024 t(H1a, W) = -

The kernel of A; is spanned by (1,1,0,0)T, (1,0,1,0)” and (0,1,0,1)T. By
the “moreover” part of Lemma 5.15, this implies that

1 1
ta(Fy, W) (21, 22) + to(F3, W)(21,72) = it(Hl,W)(xl,xg) = §W($1,$2)

for almost all (21, x2) € [0, 1]%. Integrating this out over all z; and x5 yields

t(TT5, W) +t(C3, W) = i

which, when combined with (3.2), tells us that

(5.6) H(Cs, W) = 1/8.
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We have ker(A43) = span{(1,1,1,1,1,1,1,1)%,(1,0,0,0,0,0,0, —1)T}. Ap-
plying Lemma 5.9 and the “moreover” part of Lemma 5.15 again, we have
that for almost all (z1,z2,23) € [0,1]3,

1
t(Fy, W) (21, 22,23) = gt(C& W) (z1,22,23)
and

1
t(Flng)(xlvx27x3) + t(Fg,W)(x1a$2,m3) =

t(Cs, W)(w1, 22, 73).

= |

ot

Integrating over all x1, 25 and x3 and applying (5.6) yields

1
tH(Cy, W) = gt(Cg,W) =

8

and ) 1

t(Hs, W)+ t(H;, W) = Zt(CB’W) =35
Finally, using Lemma 5.8 and (5.1) and the fact that aut(7T7,) = aut(Cy) =
1 and aut(Hs) = aut(Hz) = 3, we get

d(TTy, W) +d(Cy, W) +d(Hs, W) +d(H7, W) = 1
- 24t(TT4, W) + 24t(04, W) + 815(]:’57 W) + 8f(f’[77 W) =1

which, since ¢(Cy, W) = 1/64 and t(Hs, W) + t(H7;, W) = 1/32, yields
t(TTy, W) = 1/64. We are now done by the fact that TT, forces quasiran-
domness (see Theorem 1.2). O

6. Conclusion

The Forcing Conjecture [11, 44] says that a graph H forces quasiran-
domness if and only if it is bipartite and contains a cycle. Unfortunately,
the results of this paper do not seem to point to such a natural prop-
erty which distinguishes the tournaments which force quasirandomness in
regular tournaments in general. Nonetheless, we wonder whether a deeper
investigation into such tournaments could uncover some sort of “pattern.”

PROBLEM 6.1. — Classify tournaments H which force quasirandomness
in regular tournaments.

One way in which Problem 6.1 could end up being solved is if, as in the
case of tournaments which force quasirandomness in general (not neces-
sarily regular) tournaments, there end up being only finitely many non-
transitive tournaments which force quasirandomness in regular tourna-
ments. So, a first step toward Problem 6.1 is to determine whether or
not an infinite family of such tournaments exists.
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QUESTION 6.2. — Are there infinitely many non-transitive tournaments
which force quasirandomness in regular tournaments?

More ambitiously, we ask the following.

QUESTION 6.3. — Is it true that almost every tournament forces quasir-
andomness in regular tournaments?
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Appendix A. Flag Algebra Coefficients

The purpose of this appendix is to list all of the coefficients by (F}', F}'; J)
for 1 < 4,5 < 4 and b3(F}, F}; J) for 1 < 4,5 < 8 and ¢ € {2,3}, where
J is a tournament on 5 vertices and the flags F}’ are as in Section 5. All
of these coefficients were computed by computer but can be easily checked
by hand. It will be convenient to record these coefficients in matrices. For
every such J, let Bi(J) be the 4 x 4 matrix in which the entry on the
ith row and jth column is by(F}!, F' jl; J). Similarly, for every such J and
q € {2,3}, let Bi(J) be the 8 x 8 matrix in which the entry on the ith row
and jth column is b3(F}, F; J). The matrices are as follows.

For J = Hg, we have

10 5 0 5
1|5 10 0 5
B%(HS):ﬁo 0 0 0
5 5 0 10

2 1.0 1 0 0 0 1]

12010001

0000O0GO0TO 0O

1 {1 1020001

B2(Hg) = —

3(Hs) 12000 0000 0 00

0000O0GO0TO 0O

0000O0GO0TO 0O

11010 0 0 2
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00 0 O0O0O0TO0TO 0
00 0 O0O0O0TO0TO 0
00 0 O0O0O0TO0TO 0
00 0 O0O0O0TO0TO 0

00 0 O0O0O0TO0TO 0
00 0 O0O0O0TO0TO 0
00 0 0 O0O0TO0TO O

1
12000 000 0 0 0 0

5(Hs)

3
3

Hy, we have

For J

1
™MD MmN O ©

o O O ©

DS O O M

O O O M

o

(Hy) =

1
2

OO M O OO OO0 OO 0o oo o v
O OO OO OO0 OO0 OoC oo oo
O O O OO O OO OO0 oo oo oo
O OO O DD O OO OO0 o oo oo
OO N O OO OO0 OO oo oo oo
O OO M OO O M OO0 oo oo oo
N OO OO O OO OO0 oo oo oo
LMo O 0000 000000 oo

o o

— [N — |

— —

I I

~—~ —

) <

S~—" N~—

e MM

A )

Hiyg, we have

For J

oM AN b~ <H

— N AN b~

0 <Ff AN AN

<t 00 — ™M

|

1
12

By (Hyo) =
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10 0 0 O

1

0
00200000

1 2 2

10 0 0 O

101 00 00O

0000 O0O0OTO0© O
0000 O0OO0TO0°1

00001010

0 000 0 O0O00O0
0 000 0 OO
0 000 0 OO
0 000 0 OO

1
1

1
1

1
1

0 00O 0 OO
0 000 0 OO

N O N O

1 1.1 0

N O O M

1

O © O ©

1

O © N ™M

003 0O0O0O0O0

0003 0000
300 00000
0 3000000

1
1
20

1
1200 0 0 O O O O 1

(Hio)

2
3

1
1200 0 O 0 O 0 O

3(Hio)

3
3

0000 O0O0OTO0 3
0 000O0OO0OTO0F©
0 000O0300

0 000 00 O0 3
0000 0 O0O00O
0 000 0 O0O00O0
0 000 0 O0O00O

0 000O0O0OTO0T©

0 000O0O0OTO0T©
300 00000

Bj(Hyy) = .

Hiy1, we have

For J

1
12000 000 0 0 0 0

(Hi1)

2
3

1
1200 0 0 0 0 0 0 O

(Hi1)

3
3
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Hiys, we have

For J

[ArE s NN en]

©O© © © ©

N o O ™

S N O™

0 000O0OO0OTO0DF©

1
20

Bj(Hyp) = 1

0 000O0OO0OTO0DF©

0 0003000

0 000O0OO0OTO0DF©

0000 O0O0 30
0 000 0 3 00

0000 O0O0OTO0TF
0000 O0O0TO0 3
0 000O0300

000 3 0000
003 00O0O0O0

0 3000000
00003 000

300 00O0O0O0

1
12000 0300 0 0 0

(Hi2)

2
3

1
12000 000 00 3 0

(Hi2)

3
3

Hi3, we have

For J

0 000O0O0OT10®O0

0 000O0O0OT10O0

0000 O0O0OTO0F©

0 0001O0O0O0

0 000O0O0OTO0TF©

1

100 0 0 2 0

0 0001O0O0O0

1
T12000 001 20 0 1

(His)

2
3
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0 000O0OO0OTO0TP

111010
01001110

0

1 01 00

01001110
1

1010

0 01
011

101 00

0000 O0O0OTO0TF©

1
120 10 1 1

5(His)

3
3

Hiy4, we have

For J

10 AN ™ <

N O© O M

AN < O AN

< AN 0

(=]
i

5(Hia) =

B

00001 001

00001 010

0 000 00 O00O
00001 010
1

0 0 0O

0

1
0 000 0 0 O00O0

1 0 0 0 1
100 0 0 010

0 1 0

0 000O0O0OTO0F©

02000100

0 0 2

10 0 0 0

001 20000

01000200

0 00010 20

0 000 O0O0OTO0F©

1
120 |1

(Hia) =

2
3

1
12000 0002010

(Hia)

3
3

His, we have

For J

™ o0 — <

M~ &N AN~

AN <f AN 0

<t N D~

|

1
12

B;(Hys) =
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O —H O OO —-H OO OO oo oo oo
— O O OO OO o H O oo oo oo
O O N O NO—+H @H O OO oo
— O O OO OO0 +H 0O oo oo oo
O OO OO NOOoO —H OO oo o oo
O OO O OO OO0 H OO oo o oo
O OO OO —HO A H OO oo
_00001010_01111110_

e} S

— | — [N

— Ll

I I

~—~ ~—~

0 10

) )

~— ~—

2
3

3
3

Hig, we have

For J

N O O ©

O O O O

N O O D

O M O ™M

0 000O0300

1
20

B;(Hyg) = 1

0 000O0300

0 000O0O0OTO0T©
0 000O0O0OTO0 3

33 000000
0 000O0OO0OTO0F©
0003 0000
6 0 000 0 0O
0000 0 O0O00O
0 000 0 O0O00O0
0 000 0 O0O00O

0 000O0O0OTO0T©

0 000O0O0OTO0T©
0 000O0O0OTO0TF©

1
12000 000 0 0 0 0

(Hie)

2
3

1
1200 0 0 0 0 0 0 O

(Hie)

3
3
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Hy7, we have

For J

oM <f 1O A

0 <t < 0

<t N < <

AN <f 1O M

|

1
20

By (Hir) = 1

OO —H O O O O O OO o HO +H +H O
OO +H H O O OO OO0 H 0o oo -
S O 4 O 4 O OO OO0 oo -
o —H O O O - O O — O O O O - O O
O oo oo oo —HO O —H O oo oo -
S OO OO A A H OO o —AO
OO OO 1A OO0 HO0O o0 +H OO oo
_00000100_01101000_

(e o

— [N — [

— —

Il I

— —

I~ I~

g T

S~— S~—"

2
3

3
3

Hig, we have

For J

O O O OO oo oo
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