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ABSTRACT. — It is an easy observation that if a graph G admits a path-decom-
position whose parts have small radius, then G contains no large subdivision of
Ki,3 or K3 as a (quasi-)geodesic subgraph. We show that these are in fact the
only obstructions to such path-decompositions of small radial width, and we prove
analogous results for decompositions modelled on cycles and subdivided stars in-
stead of paths.

With our results we confirm in a strong form a conjecture of Georgakopoulos and
Papasoglu on fat-minor-characterisations of graphs quasi-isometric to paths, cycles
and paths, and subdivided stars, respectively. For this, we present a novel view on
quasi-isometries between graphs by graph-decompositions of bounded radial width
and spread. This new perspective enables us to prove further results in coarse graph
theory, and may thus be of independent interest.

1. Introduction
1.1. Fat minors and quasi-isometries

Following Gromov’s ideas on coarse geometry [19] into the realm of
graphs, Georgakopoulos and Papasoglu [18] suggested a study of graphs
from a coarse or metric perspective, which revolves around the concept of
quasi-isometry. Roughly speaking, two metric spaces are quasi-isometric if
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their large-scale geometry coincides, and more formally, a quasi-isometry
is a generalisation of bi-Lipschitz maps that allows for an additive error.
For example, all locally finite Cayley graphs of a finitely generated group
are quasi-isometric to each other (see e.g. [22, Proposition 5.2.5]).

As their favorite problem of metric graph-theoretic flavour, Georgakopou-
los and Papasoglu proposed the following conjecture, whose qualitative
converse is immediate:

CONJECTURE 1.1 ([18, Conjecture 1.1]). — Let X be a finite set of
finite graphs. Then there exists a function f : N — N x N such that, for
all integers K, every graph with no K-fat X minor for any X € X is
f(K)-quasi-isometric to a graph with no X minor for any X € X.

Here, “K-fat minors” are a metric variant of minors: Roughly speaking,
a K-fat X minor is an X minor with additional distance constraints: its
branch sets and branch paths are pairwise at least K apart, except for
incident vertex-edge pairs (see Section 1.4 for the formal definition).

Georgakopoulos and Papasoglu [18] verified their conjecture for X =
{K3} (which describes graphs that are quasi-isometric to a forest). An
earlier result of Chepoi, Dragan, Newman, Rabinovich and Vaxes [9] yields
the case X = {K3 3} (quasi-isometric to an outerplanar graph). Fujiwara
and Papasoglu [17] solved the X = { K }-case (quasi-isometric to a cactus);
see also [5] for a simpler proof.

Between the first appearance of this paper as a preprint on arXiv [2]
and the publication of this journal version, some more results on Conjec-
ture 1.1 have been obtained: Georgakopoulos and Papasoglu [18] verified
Conjecture 1.1 for X = {Kj ,,}. Moreover, Albrechtsen, Jacobs, Knappe
and Wollan [5] solved the case X = {K*}, and Albrechtsen, Distel and
Georgakopoulos [3] proved the case X = {Ks.} for all t € N. In con-
trast to these positive results, Davies, Hickingbotham, Illingworth and Mc-
Carty [10] showed that Conjecture 1.1 is false in general. In fact, Albrecht-

sen, Distel and Georgakopoulos [4] showed that Conjecture 1.1 already fails
for several small graphs such as X = {K222}.
In this paper, we establish Conjecture 1.1 for three further small cases

but in a stronger form:

THEOREM 1. — Conjecture 1.1 is true for X = {K3 Ki3} (quasi-
isometric to a disjoint union of paths), X = {Ki 3} (cycles and paths)'"

) Georgakopoulos and Papasoglu prove the more general case X = {K1 .} in a second
version of their paper [18], which appeared after the first appearance of this paper as a
preprint on arXiv [2].
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Figure 1.1. The wrench graph W.

and X = {K3 W} (subdivided stars), where W is the graph depicted
in Figure 1.1. In all these cases, Conjecture 1.1 even holds true when re-
placing “fat minors” by “quasi-geodesic topological minors”.

We refer the reader to Theorems 2-4 for the respective functions f.

In Theorem 1, “quasi-geodesic topological minors” are a metric version
of topological minors, whose model in G is “quasi-geodesically” embedded
(see Section 1.4 for the definition). Roughly speaking, the metric of the
topological minor agrees (up to a multiplicative constant) with the metric
induced by the graph G. In particular, quasi-geodesic topological minors
yield fat minors but in general not the other way around (Lemma 3.14).

Our work on Theorem 1 was independent of Conjecture 1.1 and the
involved concepts such as fat minors and quasi-isometries. In fact, we only
discovered the connections of our results to quasi-isometries and fat minors,
and in particular to Conjecture 1.1, through [18]. Our approach is not based
on quasi-isometries, but on the notion of graph-decompositions, which we
describe in what follows.

1.2. Graph-decompositions

Graph-decompositions [13] are a natural extension of tree-decomposi-
tions which allow the bags V}, of decompositions (H,)V) to be arranged
along general decomposition graphs H instead of just trees. We then say
that (H,V) is modelled on H and call it an H-decomposition. Moreover,
given any graph class H, we refer to H-decompositions with H € H as
‘H-decompositions. Recent applications of graph-decompositions include a
local-global decomposition theorem [13] as well as the study of local sepa-
rations [20] and of locally chordal graphs [1].

In this paper, we present a width-notion for graph-decompositions such
that a graph G has an H-decomposition of small width if and only if H
resembles the large-scale structure of G. The naive approach defines the
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“width” of a graph-decomposition analogously to tree-width, that is, as
the minimal cardinality of a bag of the decomposition (minus 1). However,
the respective “H-width”, the minimal width of an H-decomposition for a
given graph class H, does not yield a meaningful extension of tree-width: if
a minor-closed class ‘H of graphs has bounded tree-width, then every graph
of small H-width has small tree-width itself, and if H has unbounded tree-
width, then the H-width of every graph is at most 2 (minus 1) [14, 25].%

This inspired us to consider a metric perspective instead: To define the
“width” of a graph-decomposition, we measure the size of its bags not
in terms of their cardinality, but by the radius of its parts, the induced
subgraphs on the bags of the decomposition. More formally, recall that the
radius of a graph G is the smallest » € N such that some vertex of G
has distance at most r to all vertices of G. We then let the (inner-)radial
width of a decomposition be the largest radius among its parts and define
the radial H-width of G for a given class H of graphs to be the smallest
radial width among all decompositions of G modelled on graphs in H.

This notion of radial width is not new for tree-decompositions. Indeed,
the radial H-width for the class H of all trees, or radial tree-width for
short, has been studied before, e.g. as the equivalent tree-length in [15]
and tree-breadth in [16]. Similar to the classical tree-width notion [24], sev-
eral computationally hard problems such as the computation of the metric
dimension of a graph [6] can be efficiently solved on graphs of small ra-
dial tree-width (for a summary, see [15, Section 1] or [21]).

1.3. Interplay between graph-decompositions and
quasi-isometries

As it turns out, graph-decompositions and quasi-isometries are closely
related. In fact, these notions become qualitatively equivalent if we restrict
to “honest” graph-decompositions of bounded radial width and bounded
“radial spread”.

An H-decomposition of G is honest if all its bags are non-empty and
for every edge of its decomposition graph H, the bags corresponding to
its endnodes intersect. Informally speaking, being honest ensures that all
connectivity in the decomposition graph H also appears in the decomposed
graph G. For each vertex v € G let H, be the induced subgraph of H on the

2 By Diestel and Kiihn [14, Proposition 3.7], every graph G has a grid-decomposition
of width at most 2 (minus 1). Thus, the H-width of G is at most 2 (minus 1) for any
graph class H of unbounded tree-width by Robertson and Seymour’s Grid Theorem [25].

Innov. Graph Theory 3, 2026, pp. 207-246



ON PATH-DECOMPOSITIONS INTO PARTS OF SMALL RADIUS 211

set of all nodes h € H whose corresponding bags contain v. The (inner-)
radial spread of the H-decomposition is then defined as the largest radius
of the H, with v € V(G).

The equivalence between the existence of an honest H-decomposition
with bounded radial width and spread and of a bounded quasi-isometry
to H was observed for the case of trees H by Berger and Seymour [8, 4.1].
Here, we extend their observation to arbitrary graphs H.

PROPOSITION 1.2. — There exist functions g : N> — N? and hq, hs :
N? — N such that the following holds for all graphs G, H :

(1) If G admits an honest H-decomposition of radial width ro and
radial spread 11, then G is g(ro,r1)-quasi-isometric to H.

(2) If G is (L, C')-quasi-isometric to H, then G admits an honest H-
decomposition of radial width hy(L,C) and radial spread ha(L,C).

We refer the reader to Section 3.3 for the detailed statement on the
functions ¢ and hq, ho.

The correspondence given by Proposition 1.2 paves the way for a new
proof method towards Conjecture 1.1: one through the graph-theoretic con-
struction of a suitable graph-decomposition. We follow this approach in the
present paper and further demonstrate its power and versatility in [5].

Proposition 1.2 in particular implies that we reached our initial goal
from the beginning of Section 1.2 with the notions of “radial width” and
“radial spread”: a graph H resembles the large-scale geometry of G (in
terms of bounded quasi-isometries) if and only if G admits an honest H-
decomposition of bounded radial width and spread.

1.4. Our results

With a suitable width measure at hand, our next goal was to identify ob-
structions to small radial H-width and to characterise which graphs have
small radial H-width for given classes H of graphs. Similar to Conjec-
ture 1.1, we considered metric versions of minors as candidates for suitable
obstructions. For the graph classes H that we study in this paper, our ob-
structions are “quasi-geodesic topological minors”, which can be seen as a
special case of fat minors. Let us make this precise in what follows.

A (> k)-subdivision of a graph X is a graph X’ which arises from X
by subdividing each edge at least k times, i.e. replacing every edge with a
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path of at least k+ 1 edges. Further, a subgraph X of a graph G is c-quasi-
geodesic'”) for some ¢ € N if the distance of any two vertices z and y in X
is at most ¢ times their distance in G. Here, the parameter ¢ describes how
well the distances in X approximate the distances in G; in particular, a
subgraph is geodesic if and only if it is 1-quasi-geodesic.

Quasi-geodesic topological minors are indeed an obstruction to small
radial width: if a (> k)-subdivision of a graph X is a c-quasi-geodesic
subgraph of G, then X is a | %2 ]-fat minor of G (Lemma 3.14). Hence, as
fat minors form an obstruction to small radial width (Lemma 3.15), so do
quasi-geodesic topological minors (Proposition 3.16).

Our main result, Theorem 1, asserts that these are in fact the only ob-

structions to small radial H-width for the three cases where H consists of
paths, cycles and paths, and subdivided stars, respectively. We give the
detailed statements in the following Theorems 2—4, from which we then
deduce Theorem 1.

THEOREM 2 (Radial path-width). — Let k € N. If a connected graph G
contains no (> k)-subdivision of K* as a geodesic subgraph and no (> 3k)-
subdivision of K 3 as a 3-quasi-geodesic subgraph, then G admits an honest
decomposition modelled on a path P of radial width at most 18k + 2 and
radial spread at most 18k + 1.

Moreover, P is (1,18k + 2)-quasi-isometric to G.

THEOREM 3 (Radial cycle-width). — Let k € N. If a connected graph G
contains no (> 3k)-subdivision of K 3 as a 3-quasi-geodesic subgraph, then
G admits an honest decomposition modelled on a cycle or path C' of radial
width at most 18k + 2 and radial spread at most 36k + 2.

Moreover, C' is (1, 18k + 2)-quasi-isometric to G.

THEOREM 4 (Radial star-width). — Let k € N. If a connected graph G
contains no (> k)-subdivision of K* as a geodesic subgraph and no (> 3k)-
subdivision of the wrench graph W as a 3-quasi-geodesic subgraph, then G
admits an honest decomposition modelled on a subdivided star S of radial
width at most 58k + 9 and radial spread at most 30k + 7.

Moreover, there exists some C), € N such that some subdivided star is
(1, Cy)-quasi-isometric to G.'")

(3) Note that in metric spaces this property is often called (¢, 0)-quasi-geodesic. In [7] it
is called c-multiplicative.

(4) While we will only formally prove that some subdivided star S’ and some C} € N
exists, one can check by carefully reading the proof that we may choose S’ = S and
Cj = 60k + 14 (see the paragraph after the proof of Theorem 4 in Section 6 for details).
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Proof of Theorem 1 given Theorems 2-4. — Let K € N, and let G
be a graph with no K-fat X minor for any X in the respective X. By
Lemma 3.14 there is an integer k depending on K and X only, such that,
for every ¢ € N, G contains no (> ¢ - k)-subdivision of any X € X as ¢
quasi-geodesic subgraph. Now we deduce Theorem 1 from Theorems 2—4 by
applying the respective theorem to the components of G and combine the
obtained (1, Ck)-quasi-isometries to one from the disjoint union H of their
domains to G. Lemma 3.8 yields the desired f(K)-quasi-isometry from G
to H. g

1.5. Sketch of the proofs

Let us give a brief overview of the proof techniques for Theorems 2—4. For
the proof of Theorem 2 (radial path-width), we start with a longest geodesic
path P in the connected graph G. We then show that either balls of small ra-
dius around V' (P) cover all of G or we can find a geodesic (> k)-subdivision
of the triangle K3 or a 3-quasi-geodesic (> 3k)-subdivision of the claw K 3.
In the former case we construct a P-decomposition of G by letting the bag
corresponding to a node p € P be the union of all those small radius-balls,
whose centre vertex has small distance to p in P.

The proof technique for Theorem 2 immediately generalises to Theorem 3
(radial cycle-width). The proof of Theorem 4 (radial star-width) is more
involved. As before we start with a longest geodesic path P in G and
consider the subgraph G’ of G which is covered by balls of small radius
around V(P). Unlike in the path-case, G’ will in general not be equal
to G. But if G' does not contain a large subdivision of K® or W as a (3-
quasi-)geodesic subgraph, then every component of G — G’ will have its
neighbours in G’ only close to the same vertex ps of P. We then identify a
geodesic path within each component of G — G’ such that all vertices in the
component have small distance to this path. All these paths can then be
combined with P into a subdivided star S, by adding edges between their
last vertices and p. We then assign to each node s of S a suitable bag V;
of vertices of bounded distance to s.

1.6. An open conjecture about quasi-isometries to trees

For the special case of X = {K?}, Georgakopoulos and Papasoglu [18]
answered Conjecture 1.1 in the affirmative, proving that the absence of
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a K-fat K® minor implies the existence of an f(K)-quasi-isometry to a
forest. Berger and Seymour [8] characterised the graphs quasi-isometric to
a forest using a similar kind of obstruction. Our results Theorems 2—4 yield
another natural guess for such an obstruction — long quasi-geodesic cycles:

CONJECTURE 1.3. — There is a function f : N — N x N such that if a
connected graph G does not contain a c-quasi-geodesic cycle of length at
least 3ck for some ¢,k € N, then G is f(k)-quasi-isometric to a tree.

If true, this statement would strengthen the respective results of Geor-
gakopoulos and Papasoglu and of Berger and Seymour. Note that by Propo-
sition 1.2 and [8, 4.1] we can equivalently ask about the existence of a
function f which guarantees that G admits an honest tree-decomposition
of radial width at most f(k).

1.7. Structure of the paper

Section 2 collects some basic definitions. In Section 3 we introduce the
notion of graph-decompositions and their radial width and spread, and
show how they are related to quasi-isometries, proving Proposition 1.2.
We also prove in Section 3.4 that quasi-geodesic topological minors yield
fat minors and are an obstruction to small radial width. The following
three Sections 4—6 contain the proofs of Theorems 2—4, respectively. In
the appendix of the arXiv version we discuss further problems resulting
from our work. In particular, we show that the proof technique described

in Section 1.5 for Theorems 2 and 3 does not work for Conjecture 1.3,
and we show that the strengthening of Conjecture 1.1 for quasi-geodesic
topological minors fails earlier than Conjecture 1.1 itself.

2. Preliminaries

We mainly follow the notations from [11]. We recall that for two sets
X,Y of vertices of a graph G an XY path in G is a path in G whose
only vertex in X is its first vertex and whose only vertex in Y is its last
vertex. Moreover, for a subgraph H of G an H-path in G is a non-trivial
path in G which meets H precisely in its endvertices. For the remainder of
the section, we briefly present the definitions we will require going forward.
All graphs in this paper are finite.
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Let G be a graph. We write dg (v, u) for the distance of the two vertices v
and w in G. For two sets U and U’ of vertices of G, we write dg (U, U’) for
the minimum distance of two elements of U and U’, respectively. If one of U
or U’ is just a singleton, then we may omit the braces. Further, if X is a
subgraph of G, then we abbreviate dg (U, V(X)) as dg(U, X) for notational
simplicity.

Given a set X of vertices of G, the r-ball (in G) around X, denoted
as Ba(X, 1), is the set of all vertices in G of distance at most r from X in G.
If X = {v} for some v € V(G), then we omit the braces, writing Bg(v,r)
for the r-ball (in G) around v.

Further, the radius rad(G) of G is the smallest number k& € N such that
there exists some vertex v € G with dg(v, w) < k for every vertex w € G.
Note that G has radius at most k if and only if there is some vertex v € G
with V(G) = Bg(v, k). If G is not connected, then we define its radius to
be co. Additionally, if U C V(G), then the radius of U in G is the smallest
number k € N such that there exists some vertex v € G with U C Bg(v, k).

3. Graph-decompositions and quasi-isometries

In this section we first introduce the concept of graph-decompositions
and their radial width and spread and collect some properties of these
notions. We then study the connection between graph-decompositions of
small radial width and spread and quasi-isometries to their decomposition
graph, proving Proposition 1.2. Finally, we define quasi-geodesic topological
minors and show that they yield fat minors, which indeed form obstruction
to small radial width.

3.1. Graph-decompositions

Let us recall the notion of graph-decompositions:

DEFINITION 3.1 (Graph-decomposition [13]). — Let G and H be graphs
and let V = (Vi,)ner be a family of sets Vj, of vertices of G.'”) We call (H, V)

) [13] a graph-decomposition is, more generally, defined as a pair (H, (Gp)nen) of
a graph H and a family of (not necessarily induced) subgraphs G}, of G indexed by the
nodes of H, instead of a family of vertex sets V}, as in this paper.
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an H-decomposition of G, a decomposition of G modelled on H, or just a
graph-decomposition, if
(H1) UheH G[W] = G, and
(H2) for every vertex v € G, the graph of H, := H[{h € H |v € V},}] is
connected.

The sets V;, are called the bags of this graph-decomposition, their in-
duced subgraphs G[V;] are its parts, and the graph H is its decompo-
sition graph. Whenever a graph-decomposition is introduced as (H,V), we
tacitly assume V = (Vj)pem. For a class H of graphs, we call (H,V) an
‘H-decomposition if it is an H-decomposition with H € H.

A graph-decomposition (H, (Vi)pen) of a graph G is honest if all its
bags V}, are non-empty and Vj, NV}, # () for every edge hh' € H.

If G is connected and every bag of (H,)) is non-empty, then it follows
from Definition 3.1 that H has to be connected as well. More generally, we
have the following lemma:

LEMMA 3.2. — Let (H,V) be a graph-decomposition of a graph G.
Then for any connected subgraph X of G, the graph Hx := H[{h € V(H) |
X NV, # 0}] is connected.

Proof. — (111) yields for every edge vw in H a part G[V},] that contains
vw. This implies that both H, and H,, contain i and hence intersect. Since
H, and H,, are connected by (I12), it follows that H, U H,, is connected
as well. This implies that as X is connected, Hx = Uwe x H is connected
as well. O

The next lemma shows that we can obtain a new graph-decomposition
by enlarging all bags of a given graph-decomposition simultaneously in
that we replace each of its bags by the r-ball around it for some globally
fixed r € N. A version of Lemma 3.3 for tree-decompositions was first
proven in [12, Lemma A.1].

LEMMA 3.3. — Let (H,V) be a graph-decomposition of a graph G, and
let r € N. For every vertex h € H, we let V} :== Bg(Vj,, 7). Then (H,V') is
again a graph-decomposition of G.

Proof. — For notational simplicity, we adopt the following conventions
for the course of this proof. Given a subgraph X of G, we write Hx :=
H{he H|V,NV(X)#0} and Hy := H[{h € H |V, NV (X) # 0}].

By definition, (H, V') satisfies (H1). For (H2) consider any vertex v € G.
Then H, is connected by (H2) and non-empty by (I11). So in order to prove
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that H] is connected as well, it suffices to show that for every h € V(H)),
there is an h—V (H,) path in H.

By the definition of V}/, there exists w € V}, with dg(v, w) < r, and we fix
a shortest v—w path P in G. Then every vertex p € P satisfies dg(v,p) < r
as witnessed by P. In particular, every node h' € H with Vi, NV (P) # ()
satisfies v € V}/, = Bg(Vpr,r), and hence Hp is a subgraph of H,. But
now h € V(Hp) as P meets the vertex w € V},, and H, is a subgraph
of Hp as v € V(P). So since Hp is connected by Lemma 3.2, there exists
a h—-V(H,) path in Hp and hence in H), as desired. O

3.2. Radial width and radial spread

While the usual width of a tree-decomposition is measured in terms of
the cardinality of its bags, the radial width of a graph-decomposition is
measured in terms of the radius of its parts as follows.

DEFINITION 3.4 (Radial width). — Let (H,V) be a graph-decomposi-
tion of a graph G modelled on a graph H. The (inner-)radial width of
(H,V) is

radw(H,V) = max rad(G[V4)]).
heV (H)

Note that if G[V}] is disconnected for some h € H, then radw(H,V) = cc.
The outer-radial width of (H,V) is maxycy (g radg(Vs). We remark that
the outer-radial width is at most the (inner-)radial width.
Given a non-empty class H of graphs, the (inner-)radial H-width of G is
(H,V) is a graph-decomposition of G
with H € H } '
Note that the (inner-)radial H-width will always be at most rad(G) for

a connected graph G if H contains at least one non-empty graph. The
outer-radial H-width is defined analogously.

radwy (G) = min {radW(H, V) ‘

For classes H of graphs that we frequently use in this paper, we name
the radial H-width as in Table 3.1.

Under the name “tree breadth”, the concept “outer-radial tree-width”
has previously been studied [16, 21] with applications to tree-spanners and
routing problems.

DEerINITION 3.5 (Radial spread). — Let (H,V) be a graph-decomposi-
tion of a graph G modelled on a graph H. The (inner-)radial spread of
(H,V) is

rads(H,V) = rr‘l/a(é)rad(Hv).
ve
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Table 3.1. Nomenclature for frequently used classes ‘H of graphs. The
second column gives the list of graphs which defines the minor-closure
of H via forbidden (topological) minors.

I cchprlses Fort‘ndden H-decomposition | radial H-width
unions of minors
paths K3, K 1,3 path-decomposition | radial path-width
subdivided stars K3, W star-decomposition | radial star-width
trees K3 tree-decomposition | radial tree-width
cycles K3 cycle-decomposition | radial cycle-width

The outer-radial spread of (H,V) is max,cv () rady(H,). Note that the
outer-radial spread is at most the (inner-)radial spread.

We remark that the “outer” versions of radial width and spread are only
used in Lemmata 3.6, 3.9 and 3.10. Hence, we will usually omit the “inner”
when talking about (inner)-radial width and spread.

Berger and Seymour [8, 1.5] proved that the (inner-)radial tree-width of
a graph is at most two times its outer-radial width, and thus these width
measures are qualitatively equivalent. The next lemma generalises this to
arbitrary decomposition graphs.

LEMMA 3.6. — Let (H,V) be a graph-decomposition of a graph G of
outer-radial width k € N and (inner-) radial spread r € N. Then set-
ting Vi := Bg(Vi, k) for every node h € H yields a graph-decomposition
(H,V") of G of (inner-)radial width at most 2k and (inner-)radial spread
at most 2kr.

Proof. — By Lemma 3.3, (H,V’) is indeed a graph-decomposition of H.
To show that (H,V’) has (inner-)radial width at most 2k, consider any
node h € H. Since (H,V) has outer-radial width at most k, there is a
vertex z;, with Vi, € Ba(2n, k). Then z;, € V) and G[V}] contains a shortest
path in G between every vertex z € V}, and z;,. Moreover, there exists for
any vertex z’ € Vj a vertex x € Vi with dgpv(2',2) = dg(2',2) < k.
Thus, we have dgv;)(2h, ) < dgpvy)(2h,2') + davy) (@' 2) < k+k = 2k.
This implies that each G[V}] has radius at most 2k, and hence (H, V') has
(inner-)radial width at most 2k.

To see that (H,)V') has (inner-)radial spread at most 2kr, consider any
vertex v of G and any node h of H such that v € V;. By the definition
of V;/, there exists a vertex u € V}, such that dg(v,u) < k. Let P =pqg ... p,
be a shortest v—u path in G, in particular, |P|| = n < k. By Lemma 3.2,
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the subgraph Hp := H[{h € H | V(P) NV, # 0}] of H is connected.
Since (H,V) has (inner-)radial spread r, the subgraph Hp has diameter at
most 2r - ||P|| < 2rk. As P starts in v and ends in u, the subgraph Hp
includes H, and H,. Let i/ be the node of H witnessing that H, has radius
at most r (in H,); in particular h’ € H, C Hp. Since also h € H, C Hp
and Hp is connected, there is a path @ from h to h' in Hp of length at
most 2rk. As ) C Hp and every bag V; for g € Hp contains a vertex w
of P, which implies dg(w,v) < ||P| < k, it follows by the definition of
the new bags V) that Q C Hp C H) := H[{h € H | v € V}}]|. Hence,
h' witnesses that H, has radius at most 2rk, so (H,V’) has (inner-)radial

spread at most 2rk. O

3.3. Interplay with quasi-isometries

In this section, we describe the interplay between quasi-isometries and
honest graph-decomposition of bounded radial width and spread, i.e. we
prove Proposition 1.2. For this, let us recall the definition of quasi-isometries
in the case of graphs.

DEFINITION 3.7 (Quasi-isometry). — For given integers m, M > 1 and
a,A,r >0, an (m,a, M, A, r)-quasi-isometry from a graph H to a graph G
is a map ¢: V(H) — V(G) such that

(Q1) dg(h,h') <m-dg(p(h),p(h')) + a for every h,h' € V(H),

(Q2) dg(p(h),p(h)) < M -dg(h,h') + A for every h,h' € V(H), and

(Q3) for every vertex v € V(G), there exists a node h € V(H) with

dg(v,o(h)) < 7.

Usually (cf. [18, Section 2.1]), quasi-isometries are denoted with only
two parameters L > 1 and C > 0: an (L, C)-quasi-isometry is precisely
an (L,LC,L,C,C)-quasi-isometry. Here, we use a more detailed set of
parameters that allows us to describe in a more precise way how graph-
decompositions and quasi-isometries interact.

The following is a well-known fact.

LEMMA 3.8. — If a graph H is (L,C)-quasi-isometric to a graph G,
then G is (L, 3LC)-quasi-isometric to H.

We split the proof of Proposition 1.2 into the following two lemmata.

LEMMA 3.9. — Let G be a graph, and let (H,V) be an honest graph-
decomposition of G of outer-radial width rq and outer-radial spread 7.
Then there is a (2rq, 2r1, 219, 0, ro)-quasi-isometry from H to G.
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Proof. — Since (H, (Vi)nem) has outer-radial width rg, there exists for
every bag Vj, a vertex p(h) € G with Vi, € Bg(¢(h),ro). We show that the
respective map ¢ : V(H) — V(G) is the desired quasi-isometry from H
to G. Note that the definition of ¢ immediately implies (Q3) by (H1).

For (Q)2) we have to show that for every h,h’ € V(H), we have

da((h), (1)) < 20 - dpg (, ).

So let h and h' be arbitrary vertices of H, and let hgh; ... h be a shortest
h—h' path in H. We now aim to build from this path a ¢(h)—@(h') walk
in G of length at most 2rgl. For every ¢ € {1,...,¢}, we fix a vertex v; €
Vh,_y N Va5 such v; exist because the considered H-decomposition of G
is honest by assumption. Furthermore, we set vy := ¢(h) and vpyq1 :=
o(h'). Now for every i € {0,...,£}, let P; be a shortest v;—v; 41 path in G.
Since our H-decomposition of G has outer-radial width rq, the paths Py
and P, have length at most ry, and all other P, have length at most 2rg.
Thus, voPyvy . .. vePpvgyq is a @(h)—p(h') walk in G of length at most r¢ +
2rg(€ — 1) + rg, as desired.
For (Q1), we have to check that for every h,h' € V(H),

dir(h, ') < 2r1 - de(p(h), o()) + 211

So let h and I’ be arbitrary vertices of H and let vgv; ...v, be a shortest
©(h)—p(h') path in G. Similar as before, we build a h—h' walk in H of
length at most 2r;£+2r1. For every ¢ € {1,...,¢} we fix a node h; € V(H)
satisfying v;_q1v; € Vj,,; such h; exist by (H1). Furthermore, we set hg == h
and hgy1 = h'. For every i € {0,...,¢}, let P; be a shortest h;—h;11 path
in H. As h;, hiy1 € V(H,,) for alli € {0,...,¢} and (H, V) has outer-radial
spread 71, all P; have length at most 2r;. Thus, hgPyh; ... h¢Prheyq is an
h-h' walk in H of length at most 2r1(¢ + 1), as desired. O

LEMMA 3.10. — Let ¢ be an (m,a, M, A, r)-quasi-isometry from a graph
H to a graph G, and let ' > r be an integer. Write By, := Bg(p(h),r’)
and set

Vh = U Bh/.
h'€Bg (h,mr'+[(m+a)/2])
Then (H, (Vi)nen) is an honest graph-decomposition of G of outer-radial
width at most v’ + M (mr’ + [(m +a)/2]) + A and (inner-)radial spread at
most 4mr’+m+2a+1. Moreover, if ' > M+ A, then even the (inner-)radial
width is at most 4mr’ +m + 2a + 1.

Proof. — We first show that (H, (V,)rem) is indeed an H-decomposition
of G'. Tt then follows immediately from the definition of the V}, that (H,V)
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is honest (as @(h) € V3, for all h € V(H) and ¢(h), p(h') € Vi, N Vj for all
hh' € E(H) because m > 1).

(H1). — By (Q3), each vertex of G is contained in some Bj. Now
consider an edge e = wvgv; of G. There are nodes hg and hy of H such
that vg € By, and v; € By,. Hence, dg(p(ho), ¢(h1)) is at most 2 + 1.
By (Q1), there exists a path P in H of length at most m(2r'+1)+a. There
exists a “middle” vertex h on this path P such that both hy and h; are
contained in By (h,mr’ + [(m + a)/2]), so both vy and v are contained
in B, C V. In particular, e = vov; € G[V4], as desired.

(H2). — Let v be any vertex of G, and let hg and hq be nodes of H such
that v € Vj, NV}, We want to find an hp—hy path P in H such that V},
contains v for every node h € P. By definition of the bags V},, there are
hy € B (ho,mr’ +[(m+a)/2]) and by € By (hy,mr’ 4+ [(m+a)/2]) such
that v € By, N By,. Hence, da(p(hg), ¢(h1)) is at most 2r'. So by (Q1),
there is an hj—h} path P’ in H of length at most 2mr’ + a. Let W be
the walk PoP’P;, in H joining ho and h; where Py is a shortest ho—hy
path in H and P, a shortest h}—h; path in H. It follows directly from the
construction of W that hy or b is contained in By (h, mr' + [(m + a)/2])
for every node h visited by W. Since v € By, N By, this implies v € V),
for every node h visited by W by the definition of V},. In particular, W
contains a hg—hy path P which is as desired.

Secondly, let us verify that (H, (Vin)nem) has the desired radial spread
and outer-radial width. For the radial spread, observe that the above con-
structed walk W has length at most 2(mr’ + [(m + a)/2]) + 2mr’ + a <
2mr' + m+a+ 1+ 2mr’ +a = 4mr’ + m + 2a + 1; so the radial spread
of (H,(Vi)hem) is as desired.

For the outer-radial width, consider any node h € H and vertex v € V},.
By definition, there is h’ € By (h,mr’ + [(m + a)/2]) such that v € By,.
By (Q)2), we obtain

de (v, o(h)) < da(v, () +da(p(h), o(h'))

<r'+ M(mr' + [(m+a)/2]) + A.

Thus, every v € V}, has distance at most ' + M (mr’ + [(m +a)/2]) + A
from o(h). This yields the desired outer-radial width.

To obtain the moreover-part, let us investigate the above equation in
more detail. Any shortest v—¢(h') in G is contained in B} C V,. Fix a
shortest h'—h path @ and replace each edge hoh; of Q by a shortest ¢(hg)—
©(h1) path Qp,n, in G to obtain a p(h)—p(h') walk Q" in G. If ' > M + A,
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the path Qpyp, is contained in B;LO C V},. Thus, the (inner-)radial width is

already at most ' + M (mr’ + [(m +a)/2]) + A. O
Proof of Proposition 1.2. — Use Lemma 3.9 for (1) and Lemma 3.10
for (2). O

To conclude this section, let us look at a possible path-way towards omit-
ting the condition on the radial spread. Berger and Seymour proved that a
graph has bounded radial tree-width if and only if it is quasi-isometric to a
tree [8, 4.1]. More precisely, they show that if G has a T-decomposition of
low radial-width for some tree T, then G is quasi-isometric to some tree 7"
that is obtained from a subtree of T' by contracting and subdividing edges.

We ask whether such an argument transfers to arbitrary decomposition
graphs:

QUESTION 3.11. — Given an integer r > 1, does there exist an integer R
such that if a graph G has a decomposition modelled on a graph H of
radial width at most r, then there exists an honest decomposition of G
modelled on a graph H' obtained from a subgraph of H by subdividing
and contracting edges such that both its radial width and radial spread are
at most R?

An affirmative answer to Question 3.11 would in particular imply the
equivalence of small radial H-width and quasi-isometry to an element of H
for graph classes H closed under takings subgraphs, and contracting and
subdividing edges.

3.4. Quasi-geodesic topological minors

In this section, we study quasi-geodesic topological minors as obstruc-
tions to small radial width. We show in Lemma 3.14 that quasi-geodesic
topological minors are also an instance of the more general “fat minors”
used in Conjecture 1.1. Fat minors are obstructions to small radial width
(Lemma 3.15), which then implies that quasi-geodesic topological minors
are also such obstructions (Proposition 3.16).

Let us recall the definition of (> k)-subdivisions T X and quasi-geodesity
from the introduction.

DEFINITION 3.12 (T3 X). — A (= k)-subdivision of a graph X, which
we denote with T}, X, is a graph which arises from X by subdividing every
edge at least k times, i.e. replacing every edge in X with a new path of
length at least k + 1 such that no new path has an inner vertex in V(X)
or on any other new path.
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The original vertices of X are the branch vertices of the T, X. Note that
the well-known topological minor relation can be phrased in terms of (> 0)-
subdivisions in that a graph X is a topological minor of a graph G if G
contains a Tp X as a subgraph.

DEFINITION 3.13 (Quasi-geodesic). — A subgraph X of a graph G is
c-quasi-geodesic (in G) for some ¢ € N if for every two vertices u,v € V(X)
we have dg(u,v) < ¢-dx(u,v). We call X geodesic if it is 1-quasi-geodesic.

Let us now turn to the question how quasi-geodesic topological minors
relate to fat minors, the obstruction investigated by Georgakopoulos and
Papasoglu in Conjecture 1.1. For this, let us first recall the definition of “fat
minors”. Let G, X be graphs. A model (V,€) of X in G is a collection V
of disjoint sets V,, C V(QG) for vertices z of X such that each G[V,] is
connected, and a collection £ of internally disjoint V,,—V,, paths E. for
edges e = zox; of X which are disjoint from every V,, with & # g, z;.'%)
The V, are its branch sets and the E. are its branch paths. Then X is a
minor of G if G contains a model of X.

A model (V,€) of X in G is K-fat for K € Nif dg(Y,Z) > K for every
two distinct Y, Z € VUE unless Y = FE, and Z = V, for some vertex
x € V(X) incident to e € E(X), or vice versa. Then X is a K-fat minor
of G if G contains a K-fat model of X. We remark that the 0-fat minors
of G are precisely its minors.

LEmMMA 3.14. — If a graph G contains a Ty X as a c-quasi-geodesic

subgraph for some graph X and ¢,k € N with k > 2, then X is a K-fat

minor in G for K = | o

Proof. — Denote the c-quasi-geodesic subgraph of G which is a T X
by X¢. By definition, any two branch vertices of Xg have distance at
least k+1 in X¢. For x € V(X), we then choose V,, = Bx,(x, [(k+1)/4]),
and for e = za’ € E(X), we let E. be the (unique) V.-V, path in X¢g
not meeting any other branch vertices; in particular, each E, has length at
least (k4 1) —2[(k+1)/4] > k/2 — 1. We then let V be the set of all V,
and £ be the set of all F,. Since X is a Ty X, this construction directly
vields dx (Y, Z) > k/2—1 for every two distinct Y, Z € VUE unless Y = E,
and Z =V, for some vertex z € V(X) incident to e € E(X), or vice versa.
Since X is a c-quasi-geodesic subgraph of X, we then obtain dg (Y, Z) >
dx.(Y,Z)/c > B2, s0 X is indeed a K-fat model of X in G. O

2c

(6) Note that we here deviate from the definition of model from [11]. However, by en-
larging the branch sets V, along the “adjacent” branch paths E.y,, we obtain that this
notion of model is equivalent to the notion of model from [11].
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LemMA 3.15. — Suppose X is a K-fat minor in a graph G for some
K € N. If (H,V) is a graph-decomposition of G of radial width less than
K/2, then X is a minor of H.

Proof. — Fix a K-fat model (U, €) of X in G. We aim to define a model
(U',&") of X in H. For every vertex © € X, let U, be the set of nodes
h € H whose corresponding bag V}, meets U,. Note that the U, are pairwise
disjoint, as the radial width of (H,V) is < K/2 and (U, &) is K-fat. Since
the G[U,] are connected, the H[U.] are connected by Lemma 3.2.

Analogously, for each edge xy of X, the subgraph induced on the nodes
h € H whose V}, meets E,, is connected by Lemma 3.2, meets U, and Uy,
and all these subgraphs are pairwise disjoint. Thus, we may pick a U;-U,
path Eg’cy in each of these subgraphs to obtain a model of X in H. O

Combining the previous two lemmata, we obtain that quasi-geodesic
topological minors are indeed obstructions to small radial width:

PrOPOSITION 3.16. — If a graph G contains a Tyc,12X as a c-quasi-
geodesic subgraph for some graph X and c,k € N with k > 2, then G admits
no H-decomposition of radial width less than k modelled on a graph H with
no X minor. O

4. Radial path-width

In this section we prove Theorem 2, which we restate here for conve-
nience.

THEOREM 2. — Let k € N. If a connected graph G contains no T4k+1K3
as a geodesic subgraph and no T5, K13 as a 3-quasi-geodesic subgraph,
then G admits an honest decomposition modelled on a path P of radial
width at most 18k + 2 and radial spread at most 18k + 1.

Moreover, P is (1,18k + 2)-quasi-isometric to G.

We remark that we did not optimise the bounds on the radial width and
radial spread.

In fact, we show the following stronger statement, which immediately
implies Section 4.

THEOREM 4.1. — Let k € N, and let P be a longest geodesic path in
a connected graph G. If G contains no Ty,1K® as a geodesic subgraph
and no T3, K 3 as a 3-quasi-geodesic subgraph, then either P has length
at most 18k + 2 or every vertex of G has distance at most 9%k from P.
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Let us first show that Theorem 4.1 indeed implies Section 4. For this,
we need the following auxiliary lemma, which asserts that taking balls of
radius 7 € N around a quasi-geodesic subgraph H of a graph G yields a
“partial decomposition” of G modelled on H (see Figure 4.1).

LEMMA 4.2. — Let G be a graph, and let H be a c-quasi-geodesic sub-
graph of G for some ¢ € N. Given r € N we write By, := Bg/(h,r) forh € H
and set

Vh = U Bh/.
h'€Bg (h,cr+[c/2])
Then (H,(Vi)nen) is an honest H-decomposition of G' := G[\U,cy Bn] of
radial width at most (c+ 1)r + [¢/2] and radial spread at most 4cr +c+ 1.

Moreover, if H is a path, then (H, (Vi)nen) has radial spread at most

(c+ 1)+ [e/2].

Proof. — The pair (H, (Vj,)hen) is an honest graph-decomposition of G
by Lemma 3.10, as the embedding ¢ of a c-quasi-geodesic subgraph H of G
into G[Upcy Ba(h,r)] is a (c,0,1,0,r)-quasi-isometry. By Lemma 3.10,
this graph-decomposition has (inner-)radial width r + (¢r 4+ [¢/2]) =
(c+ 1)r + [¢/2] and radial spread 4rc + ¢+ 1.

For the “moreover”-part, assume that H = hq...h, is a path, and let v
be any vertex of G. Let 4,5 € [n] be the smallest and largest integer such
that v € By, = Bg(hg,r) for k = 4,j. Then dg(h;, h;) < 2r, and hence
j —1 < 2¢r since H is c-quasi-geodesic in G. By the definition of the Vj,
it follows that only Vj, with ¢ —cr + [¢/2] < k < j + ¢er + [¢/2] contain
v, and hence H, has radius at most (¢ + 1)r + [¢/2] as it is contained in
By (hg, (c+ 1)r + [¢/2]) for k= |(j —i)/2]. O

Figure 4.1. A decomposition modelled on the black path using the blue
balls as given by Lemma 4.2 for r = 2, ¢ = 1. The bag corresponding
to the centre vertex is green.

Proof of Section 4 given Theorem 4.1. — Let G be a connected graph
that contains neither T3, K 3 as a 3-geodesic subgraph nor Ty K 3asa
geodesic subgraph. Let P’ be a longest geodesic path in G. By Theorem 4.1,
either P’ has length at most 18k + 2 or every vertex of G has distance
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at most 9%k from P’. In the former case, it follows that G has radius at
most 18k + 2. Let P be the trivial path on a single vertex p. Then P is
(1,18k + 2)-quasi-isometric to G, and (P, (V,)pep) with V, = V(G) is
an honest decomposition of G of radial width at most 18k 4 2 and radial
spread O.

So we may assume the latter case. Set P := P’ and apply Lemma 4.2
to H := P and r := 9k. This yields an honest P-decomposition of G’ :=
G[Bg(P,9k)] of radial width at most 18% + 1 and radial spread at most
18k + 1. Since every vertex of G has distance at most 9%k from P, we have
G’ = G, and hence this is the desired decomposition of G. O

The remainder of this section is devoted to the proof of Theorem 4.1. Let
us first give a brief sketch of the proof. For this, let G be a connected graph
and, let P be a longest geodesic path in G. For some suitably chosen r =
r(k) < 9k, we let Gp := G[Bg(P,r)]. We then analyse how the components
of G — Gp attach to Gp, and show that either all vertices in a component
have distance at most 9k from P or we can use the component to find
a T3, K13 as a 3-quasi-geodesic subgraph of G or a T3, K?® as a geodesic
subgraph of G.

The analysis of the components will be done in three lemmata, Lem-
mata 4.3, 4.4 and 4.9 below. They are stated in a slightly more general
form than needed for the proof of Theorem 4.1, which enables us to use
them later also in the proofs of Theorems 3 and 4.

The first lemma, Lemma 4.3 shows that enlarging a c-quasi-geodesic
subgraph with a shortest path to it yields a subgraph which is (2¢ + 1)-
quasi-geodesic. This lets us find a 3-quasi-geodesic T3, K7 3 in G if some
component of G — Gp attaches “to the middle” of Gp, that is, to some ball
Bg(p,r) where p lies “in the middle” of P. The second lemma, Lemma 4.4,
demonstrates that we can find a long geodesic cycle in G if some component
of G — G p attaches to G’ close to the start and the end of P, but nowhere
in between (see Figure 4.2). The third lemma, Lemma 4.9, shows that if a
component of G — Gp attaches to Gp only towards one end of P, then its
vertices all have distance at most 9k from P.

LEMMA 4.3. — Let G be a graph, and let X be a c-quasi-geodesic sub-
graph of G for some ¢ € N. If P is a shortest v—X path in G for some
vertex v € G, then X U P is (2¢ 4 1)-quasi-geodesic in G.

Proof. — We have to show that, for every two vertices u and w of X UP,
the distance of u and w in XUP is at most (2¢+1) times their distance in G.
Since X is c-quasi-geodesic in G and P is geodesic in G, it is (by symmetry)
enough to consider the case where u is a vertex of P and w is a vertex of X.
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Let « be the endvertex of P in X. Since P is a shortest v—X path in G,
uPz is a shortest u—X path in G and hence dp(u,x) = dg(u, z) < dg(u, w)
as w € X. We then have dx (z,w) < ¢-dg(z,w) < ¢ (dg(z,u) +dg(u, w)),
where the first inequality follows from X being c-quasi-geodesic in G while
the second one applies the triangle inequality. Again using the triangle
inequality, we can then combine these inequalities to

dxup(u,w) < dxup(u,z) + dxup(z,w) = dp(u, ) + dx (z,w)
<dg(u,z) + ¢ (da(z,u) + dg(u,w)) < (2¢+ 1) - dg(u, w),

which shows the claim. O

LEMMA 4.4. — Let r,n,mg, my € N such that m :=n—mg—mq —2r >
0. Let G be a graph containing a geodesic path P = pg . ..p, of length n,
and write B; := Bg(pi,r) for every p; € P. Suppose that a component C
of G—\J;_, Bi has at least one neighbour in both \J;“%) B; and ;_,, _,.,. Bi,
n—mi—1

i=mox1 Bi- Then G contains a geodesic cycle of

but no neighbours in |
length at least 2m.

N
\\ // N /
; o \N&
P ‘/.7§§K’ T T T T T T T T S s e T TS
’ h ki N
, N
/ \

Figure 4.2. The setting of Lemma 4.4.

See Figure 4.2 for a sketch of the situation in Lemma 4.4.

The proof of Lemma 4.4 builds on the study of how cycles interact with a
given separation of the graph. More formally, we have the following prepara-
tory lemma.

LEMMA 4.5. — Let G be a graph, S a set of vertices and C' a component
of G — S, and {My, M1} be a bipartition of S. Given a cycle O in G, let
W(O) be the number of My—M; paths in O meeting C'.
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Figure 4.3. The setting of Lemma 4.5. Here, O is the cycle containing
Q@ (black, dotted line) and the purple, dashed part of Oy, and Os is
the cycle containing () and the teal, dash dotted part of O;.

Suppose that Q is an O1-path of a cycle Oy in G, and let Oy and Oj
denote the two cycles in O1 U Q containing Q. Then W (0O1) + W(O2) +
W(O3) is even.

Proof. — The reader may look at Figure 4.3 to follow the proof more
easily. Let u and v be the endvertices of @ on O;. Write P; := @, and
let P, and P53 be the two u—v paths in O1. Then the cycle Oy consists of P
and P5, and without loss of generality, we may assume that Oy consists of
P; and P, while O3 consists of P; and Ps.

Let P be the set of My—M; paths in G meeting C' that are paths in at
least one O;. We remark that every path in P has all its inner vertices in C
since S = MyU M separates C from the rest of the graph. Moreover, let us
emphasise that, in the definition of W(O), we do not consider the direction
in which O traverses the My—M; paths it contains.

If T € P is a subpath of some P;, then T is also a subpath of exactly two
of the three cycles O, Oy and O3 and thus contributes exactly 2 to the
sum W(0;) + W(Oz2) + W(Os3). So when we check that this sum is even,
all the elements of P that are a subpath of some P; contribute an even
amount to the sum. In particular, if all elements of P are paths in some P;,
then the claim holds.

So let P’ C P consist of precisely those elements of P that are not a
path in any P;, and suppose that P’ is non-empty. This implies that at
least one P; meets My U M;. Every path in P is a subpath of one of the
cycles O;, which in turn is disjoint from the interior of some P;. Hence every
path in P’ meets the interior of at most, and thus precisely, two of the P;.

Innov. Graph Theory 3, 2026, pp. 207-246



ON PATH-DECOMPOSITIONS INTO PARTS OF SMALL RADIUS 229

We remark that a path in an O; that is also a path in some O; with ¢ # j is
already a path in some P;. Thus, every element of P’ contributes exactly 1
to the sum W(O;) + W(Oz) + W(Os3). In order to prove that this sum is
even, it thus suffices to show that the number of paths in P’ is even. We
will check this by a case distinction. Note that a path in some O; is also
a path in some P; if and only if it contains neither of v and v as an inner
vertex. Hence, all paths in P’ contain at least one of u and v as an inner
vertex. Because P’ is non-empty and all inner vertices of its elements are
contained in C, at least one of v and v is contained in C'.

First, consider the case that all three paths Py, P, and Ps meet My U
M. In particular, this implies that no path in P’ contains both u and
v as an inner vertex. If all paths P;, P, and P3; have their first vertex in
MyUM; contained in the same element of { My, M; }, then no element of P’
contains u as an inner vertex. Otherwise, precisely two paths P; have their
first vertex in My U M; contained in the same element of { My, M; }. In this
case, there are exactly two elements of P’ that contain u as an inner vertex.
By symmetry, there are also exactly 2 or 0 elements of P’ that contain v
as an inner vertex. Hence, P’ contains precisely 0,2 or 4 paths, and thus
in this case W(01) + W(O3) + W(O3) is even.

Secondly, consider the case that precisely one P;, say P;, meets MyU M;.
Since P does not meet My U M; and at least one of u and v is contained
in C, this implies that both u and v are contained in C. Because P’ is
non-empty, the first and last vertex of P; in My U M; are contained in
distinct elements of { My, M;}. Thus, P’ contains precisely two paths, one
containing P, and one containing P3. Hence, W(01) + W (O3) + W (0O3) is
even.

Lastly, consider the case that precisely two P; meet My U M;. Say Ps
does not meet My U M;. Thus, again both u and v are contained in C.
Here, we need to distinguish some more cases.

The first case which we consider is that both P; and P, have their first
and last vertex in MU M; contained in distinct elements of { My, M1} and
that the first vertex of P; in MyU M; and the first vertex of P, in My U M,
are contained in distinct elements of { My, M7 }. Then P’ contains precisely
four elements: two containing P3 and two not containing any edges of Ps.
So again W(01) + W(O32) + W(Os) is even.

Next, we assume that both P; and P, have their first and last vertex
in My U M; contained in distinct elements of { My, M7} but that the first
vertex of Py in MyU M7 and the first vertex of P, in MyU M; are contained
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in the same element of { My, M;}. Then P’ contains precisely two elements:
both contain Ps. So again W(O01) + W(Oz) + W(0Os) is even.

Now we assume that at least one of P; and Ps, say P, has their first and
last vertex in My U M; contained in the same element of {My, M7}, say
in Mj. Since P’ is non-empty and every path in P’ contains u or v as inner
vertex, this implies that either the first or the last vertex of Py in My U M,
is contained in M. If only the first or only the last vertex of Py in MyU M,
is contained in M7, then P’ contains precisely two elements: one of these
contains P3 and the other does not contain edges of P3. If both the first
and the last vertex of P, in MyU M, are contained in M, then P’ contains
also precisely two elements: neither of them contains edges of P3. Again in
both cases, W(01) + W(Os3) + W(Os) is even. O

Proof of Lemma 4.4. — Note that, as n > mg + my, we in particular
have n — m; > mg. We set

My := Ng(C)N U B; and M, := Ng(C) N U B;.
=0 1=n—m1

As C has no neighbours in [J;Z " 14:11 B;, the neighbourhood of C' is equal

to My U M7 and C' is a component of G — My — M.

First, we note that My and M, are disjoint. Indeed, if u € Bj, for some
jo < mg and v € Bj, for some j; > n — my, then using the triangle
inequality we obtain

P(pjo7pj1) = dG(pjnvph)
a(Pjo, u) + da(u,v) + dg(v, pj,) = da(u,v) + 2r.

So dg(u,v) = n—mg —my — 2r = m > 0 by assumption. In particular, u
and v are distinct vertices, and thus M, and M; are disjoint.

We now define, for a cycle O in G, the number W(O) as the number of
Mo—M; paths in O which have an inner vertex in C.

The remainder of the proof now consists of three steps. First, we show
that a cycle O with W(O) # 0 has length at least 2m. Second, we find a
cycle O with odd W(O), and lastly we show that a shortest such cycle is
geodesic in G.

n—mo—mg

<d
4.1
(1) hy

CLAIM 4.6. — Each cycle O in G with W(O) # 0 has length at least 2m.

Proof. Since W(O) # 0, the cycle O contains at least one My—M; path. As
the number of My—M; paths is even for every cycle in G, the cycle O con-
tains at least two My—M; paths, which then have to be internally disjoint.
By (4.1), every such path has length at least m, and thus O has length at
least 2m. [ |
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CrLAIM 4.7. — There exists a cycle O in G with odd W (O).

Proof. Among all My—M; paths that contain an inner vertex in C, let @
be a shortest such path, and denote by vy and vy its end vertices in My and
M, respectively. Let Ry be a shortest vg—P path in G and R; a shortest
v1—P path. Since v; € My U M; = Ng(C), both R; have length exactly r.
If Ry and R; share a vertex x, say such that Ryx is at least as long as Ry,
then Ryx Ry contains a path of length at most r from v; to some p,; with
s < myg, contradicting v1 € My and My N M; = (. Hence, Ry and R; are
disjoint. Now the concatenation Ro@QR; is a path that starts and ends in
distinct vertices of P and is internally disjoint from P. Hence, it can be
closed by a (unique) subpath of P to a cycle O. By construction of O, there
is precisely one My—M; path in O that has an inner vertex in C, and that
is Q. In particular, W(O) is odd. |

CLAIM 4.8. — Let O be a cycle in G with odd W(O). If O is not geo-
desic, then there is a cycle O' that is shorter than O such that W(O') is
odd.

Proof. Since O; := O is not geodesic, there is an O;i-path @ in G with
endvertices u and v in O which is shorter than the distance of u and v
in O;1. Let O3 and O3 be the two cycles in O; U Q which contain @. Since
both Oy and Oj3 are shorter than O, it suffices to show that at least one
of W(O3z) and W(Os3) is odd. Now W(0O;) is odd by assumption, so it
is enough to show that the sum W (O1) + W(O2) + W (0Os3) is even. This

however follows from Lemma 4.5 applied to the component C' together with
the bipartition {My, M1} of S = Ng(C). [ |

To formally complete the proof, pick a cycle O in G with W (O) odd such
that O is as short as possible among these. Such O exists by Claim 4.7
and is geodesic in G by Claim 4.8. Moreover, O has length at least 2m
by Claim 4.6, as desired. g

LEMMA 4.9. — Let U be a set of vertices of a connected graph G, and

let pg € V(G)\U have maximal distance from U in G. Let P = pg...p, be
a shortest po—U path in G. Given r € N, we write B; := Bg(p;,r) for every
p; € P. Suppose that some component C of G — U?:o B; is disjoint from U
and satisfies Ng(C) C Uf:o B, for some ¢ < n. Then dg(v, P) < 2r + (¢ for
every v € C.

Proof. — Let v be an arbitrary vertex of C', and let @) be a shortest v—U
path in G with endvertex w € U. As V(C)NU = 0, the path @ intersects
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", Bi. Let ¢ be the first vertex on Q in | J;__, B;, and let j be the smallest
index of a ball B; with ¢ € B;. Note that j < ¢ since Ng(C) C Uf:o B;.

Since P is a longest geodesic path in G which ends in U, we have that
n=||P|| =2 Q| = d¢(v,u) = dg(v,q) + da(q,u), where the last equality
follows from @ being geodesic in G. Additionally, since p,, € U, we have
da(pj,pn) < da(pj,u) < da(pj,q) + da(q,u) = r + dg(g,u). These two
inequalities combine to

dG(U7q) < n— dG(q7u) < n— (dG(pjapn) - ’I").
All in all, we get

dg(v, P) < dg(v,p;) < dg(v,q) +r
<n—(da(pj,pn) —7)+1r=n—(n—j)+2r <2r+/,

where the last inequality follows from j < £. This concludes the proof of
the claim. g

With all the previous lemmata at hand, we are now ready to prove The-
orem 4.1.

Proof of Theorem 4.1. — Let G be a connected graph that contains
neither T3, K 3 as a 3-quasi-geodesic subgraph nor Ty 1 K 3 as a geodesic
subgraph. Let P = pg...p, be a longest geodesic path in G. We may
assume n > 18k + 3; otherwise we are done. For every 0 < i < n, define
B; := Bg(pi,3k) as the ball in G of radius 3k around p;. If G = Gp,
then we are done. Otherwise, we consider the components of G — Gp.
Since G is connected by assumption, each component C of G — Gp has a
neighbour in at least one B;. The following two claims show that in fact
Ne(C) € Uiy Bi or Na(C) € Ui, _s B

CLAM 4.10. — No component C' of G — G p has a neighbour in B; with
3k <i<n-—3k.

Proof. Suppose for a contradiction that there is such a component C'. We
show that G then contains a T5;/K; 3 as 3-quasi-geodesic subgraph, which
contradicts our assumption on G.

Let v € C be a vertex with a neighbour in B; with 3k < i < n — 3k, and
let @ be a shortest v—p; path in G. The choice of v guarantees that the
path @ has length exactly 3k 4 1, and thus @ is a shortest v—P path in G
as every vertex in G — Gp and hence in C has distance at least 3k + 1 to
P. By Lemma 4.3, PUQ is a 3-quasi-geodesic subgraph of G. It follows
from 3k < i <n — 3k that PUQ is a T3, K 3, as desired. [ |
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CrAam 4.11. — No component C of G — G'p has at least one neighbour
in U?io B, at least one neighbour in U?:n_% B; and no neighbours in any
B; with 3k < i <n — 3k.

Proof. Suppose for a contradiction that there is such a component C. Ap-
plying Lemma 4.4 to C with mg = my = r = 3k, we find that G contains a
geodesic cycle O of length at least 2(n—12k). But n > 18k+3 as we assumed
the graph to have a large radius, so O has length at least 2(18k+3—12k) =
12k + 6. Thus, O is a geodesic cycle in G of length at least 12k + 6, a con-
tradiction to our assumptions on G. |

Thus, each component of G— G p attaches either only to balls B; with i <
3k or to balls B; with ¢ > n — 3k. But the vertices in such components have
bounded distance from P in G, as the following claim shows.

Cram 4.12. — Let C be a component of G — Gp such that Ng(C) C
Uf’io B; or Ng(C) € U, _sx Bi- Then every vertex v € C has distance at
most 9k from P in G.

Proof. If Ng(C) C U?io B;, then the claim follows by applying Lemma 4.9
with U = {p, }. Otherwise, N¢(C') C U;_,,_s; Bi, and the claim follows by
applying Lemma 4.9 with U = {po}. [ |

By Claims 4.10-4.12, every vertex of G has distance at most 9% from P,
as desired. 0

5. Radial cycle-width

In this section we build on our result on radial path-width, Section 4,
and use a small adaptation of its proof to address radial cycle-width by
proving Theorem 3. More precisely, Theorem 3 follows from the lemmata
that we have already shown in Section 4. Let us restate Theorem 3 here

for convenience.

THEOREM 3. — Let k € N. If a connected graph G contains no T3, K1 3
as a 3-quasi-geodesic subgraph, then G admits an honest decomposition
modelled on a path or cycle C' of radial width at most 18k + 2 and radial
spread at most 36k + 2.

Moreover, C' is (1, 18k + 2)-quasi-isometric to G.

We remark that we did not optimise the bound on the radial width and
radial spread.

In fact, we show the following stronger statement, which immediately
implies Section 5.
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THEOREM 5.1. — Let k € N, and let G be a connected graph. If G
contains no T, K, 3 as a 3-quasi-geodesic subgraph, then there exists a
geodesic cycle or path C' in G such that C is either a path of length at
most 18k + 2 or every vertex of G has distance at most 9k from C.

Let us first show that Theorem 5.1 implies Section 5.

Proof of Section 5 given Theorem 5.1. — Let G be a connected graph
that contains no T5;K4 3 as a 3-quasi-geodesic subgraph, and let C’ be
given by applying Theorem 5.1 to G. If C' is a path of length at most
18k + 2, then G has radius at most 18k + 2. Let C' be the trivial path on a
single vertex c¢. Then C is (1, 18k + 2)-quasi-isometric to G, and (C, (¢))
with V. := V(G) is an honest decomposition of G of radial width at most
18k + 2 and radial spread O.

So we may assume that every vertex of G has distance at most 9% from C'.
Set C := (', and apply Lemma 4.2 to H := C and r := 9k. This yields
an honest C-decomposition of G’ := G[Bg(C,9k)] of radial width at most
18k 4+ 1 and radial spread at most 36k + 2. Since every vertex of G has
distance at most 9% from C, we have G’ = G, and hence this is the desired

decomposition of G. g
Let us now prove Theorem 5.1.
Proof of Theorem 5.1. — Let G be a connected graph that contains no

T3, K 3 as a 3-quasi-geodesic subgraph. Applying Theorem 4.1 to G yields
that G either contains a geodesic path P such that C' := P is as desired,
or G contains a Ty, 1K as a geodesic subgraph. Since we are done in the
first case, we may thus assume that G contains a Ty, 1 K> as a geodesic
subgraph, which means that there exists a geodesic cycle C in G of length
at least 3 - (4k + 2) = 12k 4 6. Set G¢ = G[Bg(C, 3k)]. If G = G¢, then
we are done.

Otherwise, there exists a neighbour v of V(G¢) in G since G is connected.
Let P be a shortest v—C path in G, and let u be its endvertex in C'. Since
v € Na(G¢), it has distance 3k + 1 from C, and thus P has length 3k + 1.
Let Q := B¢ (u, 3k+1) be the subpath of C of length 6k+2 which contains u
as its “middle” vertex. Note that @ is actually a path as C has length at
least 12k + 6 > 6k + 2. Since P is a path from v to C' which ends in u, the
paths P and @ only meet in u. Hence, PUQ is a T3;,K; 3 in G.

To conclude the proof and obtain the desired contradiction to our as-
sumptions on G, it remains to show that P U @ is 3-quasi-geodesic in G.
Since @ is a subpath of C' with [|Q| = 6k + 2 < $(12k + 6) < 3| C],
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we have dg(u,v) = dc(u,v) for every two vertices u,v € @. Thus, @ is
geodesic in G, since C is geodesic in G. By Lemma 4.3, P U Q then is a
3-quasi-geodesic subgraph of G, as desired. a

6. Radial star-width

In this section we prove Theorem 4, which we restate here for conve-
nience.

THEOREM 4. — Let k € N. If a connected graph G contains no Ty K3
as a geodesic subgraph and no Ts;,W as a 3-quasi-geodesic subgraph, then
G admits an honest decomposition modelled on a subdivided star of radial
width at most 58k+9 and radial spread at most 30k+7. Moreover, there ex-
ists some C), € N such that some subdivided star is (1, Cy)-quasi-isometric
to G.

Recall that W is the wrench graph depicted in Figure 1.1. As we al-
ready mentioned in the introduction, one can check by carefully reading
the proof that the subdivided star which we construct for the first part
of the statement already satisfies the “moreover”-part, and that we may
choose Cf = 60k + 14 (see the paragraph after the proof of Section 6 for
details).

Before we start with the proof of Section 6, we first show an auxiliary
lemma. Recall that in the proof of Section 4 we used Lemma 4.4 as a tool
to show that a graph contains a geodesic T}, K 3. Similarly, we will use the
following lemma in the proof of Section 6 to show that a graph contains a
3-quasi-geodesic T3 W .

LEMMA 6.1. — Let P =py .. .p, be a geodesic path in a graph G. Given
two vertices u,v € G, let QQ be a shortest u—P path in G with endvertex
q € P, and let R be a shortest v—(PUQ) path in G with endvertexr € PUQ.
Suppose that at least one of the following two conditions hold:

(i) r € P and dg(q,r) 2 4 max{dg(u, P),dg(v, P)};
(ii) r € Q and dg(q,7) = 4max{ds(v,Q),dc(po, q),dc(Pn,q)}-
Then PU Q U R is a 3-quasi-geodesic subgraph of G.

Proof. — We first consider the case that r € P. By Lemma 4.3, we have
that PUQ and P U R are each 3-quasi-geodesic subgraphs of G. Hence,
in order to show that X := P U Q U R is 3-quasi-geodesic, it suffices to
consider vertices z,y € X with z € Q and y € R.
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Since P is geodesic, we have that dx(q,r) = dg(g,7) < da(g,x) +
da(x,y) + da(y,r) and thus

dg(l’,y) = dG(Qa ) dG(I7Q) 7dG(y7r)
> 4 - max{dg(u, P),dg(v, P)} — dg(u, P) — dg(v, P)
> 2-max{dg(u, P),dg(v, P)} 2 2 - max{dg(z,q),da(y,r)}.

Therefore, making again use of dg(q,7) < dg(q,z) + da(z,y) + da(y, ),
we obtain

dx(z,y) = dx(z,q) + dx (¢, ) + dx (r,y) = da(z,q) + da(q,r) + da(r,y)
<2-da(z,q) +2-da(y,r) + da(z,y) < 3-da(z,y).

For the second case, assume that r» € (). Similar as before, we find that
PUQ and QU R are each 3-quasi-geodesic subgraphs of GG. Hence, we only
need to consider vertices z,y € X with x € P and y € R. As before, we
find that

d ( )>dG( )-dg<$,q)—dg(y,7')
2 2. max{dG( Q)adG(pOaQ)vdG(pnaq)}v
and thus

dx(z,y) = da(x,q) +da(q,r) +da(r,y)
<2-dg(x,q)+2-da(y,r) + da(x,y) < 3-dag(z,y). O

Now we prove Section 6. We remark that we did not optimise the bounds
on the radial width and radial spread.

Proof of Section 6. — Let G be a graph that contains neither TjK?
as a geodesic subgraph nor T5;,W as a 3-quasi-geodesic subgraph. We will
construct a subdivided star S and an S-decomposition of G of radial width
at most 58k + 9 and radial spread at most 58k + 9. The “moreover” part
of the statement then follows: By Lemmata 3.8 and 3.9, there exists an
(L, C)-quasi-isometry from G to S such that L and C' depend on k only.
Applying [23, 1.3] (to L,C,2)'") then yields a constant C}, such that G is
(1, Cy.)-quasi-isometric to some subdivided star S’. By Lemma 3.8, it then
follows that S’ is (1, Cy)-quasi-isometric to G for Cy, := 3C},.

Let P =pg...p, be a longest geodesic path in G. Observe that we may
assume n > 58k + 10; otherwise, G has a trivial H-decomposition into a
single ball of radius at most 58k + 9. For every 0 < ¢« < n define B; as the
ball in G of radius 3k around p;, and let Gp := G[J_, B;].

(7) Note that we use here that subdivided stars admit path-decompositions into bags of
size 3 and thus have path-width 2.
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In the following claims we will analyse how the components of G — Gp
attach to Gp. Note that, as we assumed G to be connected, every com-
ponent of G — Gp has some neighbour in some B;. First we show that we
may assume that some component of G — Gp attaches to Gp somewhere
in the middle of P.

CLAIM 6.2. — Either G has an honest P-decomposition of radial width
at most 58k +9 and radial spread at most 58k +9 or some vertex of G —Gp
has a neighbour in some By with 23k +5 < s < n — 23k — 5.

Proof. We assume for a contradiction that whenever a component of G—-Gp
has a neighbour in some B then s < 23k +4 or n — 23k — 4 <

First we consider the case that some component C of G — G p has at
least one neighbour in both U23k+4 B; and U, 534 Bi- Let mg =my =
23k + 4 and r = 3k. As

n—mo—my—2r =n—(23k+4)— (23k+4)—6k =n—52k—8 > 2k+2 > 2

we can apply Lemma 4.4 to obtain a geodesic cycle in G of length at least
2-(2k + 2) > 3k + 3 which contradicts our assumption that G does not
contain a geodesic T, K.

Thus, for every component C' of G — Gp, either Ng(C) C U23k+4
or Ng(C) C U, _o3_4 Bi (this includes in particular the case that G =
Gp). Then by Lemma 4.9 applied to U = {po} or U = {p,}, every vertex
in G — G p has distance at most 2 -3k 4+ 23k + 4 = 29k + 4 to P. Hence, by
defining B] = Ba(pi, 29k +4), every vertex of G is contained in some B;. So
by Lemma 4.2 applied to the geodesic path P and to r = 29k + 4 we obtain
an honest P-decomposition of G of radial width at most 2- (29k +4) +1 =
58k + 9 and radial spread at most 2 - (29k +4) + 1 = 58k + 9. [ ]

By Claim 6.2 (and since P is a path and hence a subdivided star) we
may assume that there is some s with 23k +5 < s < n — 23k — 5 such
that some vertex of G — Gp has a neighbour in Bs. We fix s for the rest
of the proof. The following two claims now show that every component of
G — G p can only attach to G p either close to the start of P or close to the
end of P or close to ps.

CLAIM 6.3. — If a vertex of G — Gp has a neighbour in a ball By, then
t<3kors—12k—-3<t<s+12k+3orn—3k <t

Proof. We assume for a contradiction that there is some vertex v of G—Gp
that has a neighbour in some B; with 3k < t < s — 12k — 3, the other
case is symmetric. Let R = rg...rsp+1 be a shortest path from v = rg
to pr = r3k4+1 in G. Similarly, let u be a vertex of G — Gp that has a
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neighbour in B and let QQ = qoq1 - . - ¢sx+1 be a shortest path from u = qq
to ps = gsk+1 in G. Then p; Pp has length at least 12k +4 =4 (3k + 1),
so by applying Lemma 6.1 to p;_sk—1Ppsisk+1, @ and R we obtain a 3-
quasi-geodesic T5;W in G, a contradiction to our assumption on G. |

CramM 6.4. — For every component C' of G — Gp, either Ng(C) C
UiLe B or No(C) € UL 2150, Bi =: Dy or No(C) S UL,y Bi-

Proof. First, we assume for a contradiction that C' has neighbours in both
U?io B; and Dy. Let r = 3k, mo = 3k and my = n — (s — 12k — 3). Then,
since s > 23k + 5,

n—mo—m1—2r =n—3k—(n—(s—12k—3))—6k = s—21k—3 > 2k+2 > 2,

so we can apply Lemma 4.4 to obtain a geodesic cycle in G of length at
least 2 - (2k + 2) > 3k + 3. This contradicts our assumption that G does
not contain a geodesic Ty K*>.

Hence, if C' has neighbours in D,, then it does not have neighbours
in Ufio B;, and by symmetry it neither has neighbours in |J;_, 5, B;.
Furthermore, if C' has neighbours in both U?io B; and !, _5; Bi, then
it follows again from Lemma 4.4 that G contains a geodesic T} K3, which
yields the same contradiction. ]

Let us first consider all the components of G — Gp that attach to Gp
either close to the start or close to the end of P. By Lemma 4.9 these
components can only contain vertices which are close to P. This fact allows
us to find a path-decomposition of G’ := G[V’] of low radial width and
spread where V'’ is the union of the B; and the vertices of components C
of G — Gp with Ng(C) C Ufio B; or N¢(C) C UL, _3 Bi, as follows.

CrAM 6.5. — All vertices of G’ have distance at most 9k from P. Also,
there is an honest decomposition (P,V') of G’ of radial width at most
24k + 5 and radial spread at most 24k + 5 such that

e all vertices in the bag V! of the node ps of P have distance at most
24k + 5 from ps in G[V/], and
e for every v € Ng(G') the set Ng(v)NV’ is contained in the bag V..

Proof. First, we show that vertices of G’ — Gp are close to py or p,. Let
C be a component of G' — Gp with Ng(C) C U?ﬁo B;. By Lemma 4.9
applied to U = {p, } and £ = 3k, every vertex v € C has distance at most
2 - (3k) + 3k = 9k to P, and thus has distance at most 12k to py. By
symmetry, every component C' of G’ — G p with Ng(C) C Ui, B; only
contains vertices whose distance from p,, is at most 12k.

Innov. Graph Theory 3, 2026, pp. 207-246



ON PATH-DECOMPOSITIONS INTO PARTS OF SMALL RADIUS 239

Now we construct the P-decomposition. For ¢ € [n] define

V! = U Be(pj, 12k 4 2).
p;€Bp(pi,12k+3)

By Lemma 4.2, the V/ are the bags of a P-decomposition of radial spread
at most 2(12k + 2) + 1 = 24k + 5, and every element of V/ has dis-
tance at most 24k 4+ 5 from p; in G[V/] by construction. Furthermore,
every component of G’ — Gp is contained in Bgs(po, 12k + 2) C Vj or in
B (pn, 12k +2) C V.

Also, for every B; that contains a neighbour of G— G’ C G —Gp we have
s—12k—3 < i < s+12k+3 by Claim 6.3 and thus B; C Bgr(p;, 12k+2) C
V!. As V! is the bag corresponding to ps, this completes the proof. |

We now construct path-decompositions of low radial width and spread of
the remaining components, that is of the components of G — V'. We then
combine these path-decompositions with the path-decomposition (P,)")
of G’ to a star-decomposition of G, whose central node will be p,. For
this, we need to enlarge the bag V! assigned to ps a little. Indeed, at the
moment, the components of G — G’ need not have low radial path-width;
in fact, they can still be star-like. But if we delete larger balls around the
nodes in P that are close to ps, we indeed end up with components that
are path-like. For this, we define V" to be the set of vertices of G that
have distance at most 18k + 4 from P, and let G’ := G[V"] (so G’ C G").
In particular, by Claim 6.3, every component of G — G” “attaches in the
middle of P”, i.e. every neighbour of G” in a component of G — G” has
distance 18k +5 to a p; with s — 12k —3 < i < s+ 12k + 3. Let further C be
the set of components that contain a vertex whose distance from P is at
least 24k + 5, and let C’ be the set of all other components of G — V"'. We
now add all vertices in V" \ ¥V’ and all components from C’ to the bag V
that is indexed by ps. More precisely, we define

Ve =V, u(V"\VHUu{V(C): C e’}
Further, we set V; := V/ for all i # s € [n]. Let also V"' := V" U V; and
G/// — G[V///].

CLAIM 6.6. — (P, V) is a decomposition of G"' of radial width at most
36k + 7 and radial spread at most 24k + 5 and every vertex in Vs has
distance at most 36k + 7 from ps in G[V;].

Proof. Since Ng(v)NV” is contained in V] C V for every vertex v € Ng(G')
by Claim 6.5, and because (P,)V’) is a decomposition of G, it follows that
(P,V) is a decomposition of G". Tts radial spread is at most 24k + 5 by
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Figure 6.1. The setting of the proof of Claim 6.7.

Claim 6.5 and because each vertex in G’ — V' is only contained in V.
Moreover, every part G[V;] with ¢ # s has radius at most 24k + 5 by
Claim 6.5, so it remains to consider G[V].

Let v € Vi be given. If v € V[, then dgv,)(v, ps) < 24k +5 by Claim 6.5.
Otherwise, v has distance at most 24k 4 4 from some vertex p; of P, where
s =12k —3 <1 < s+ 12k + 3 by Claim 6.3, and hence

dav,)(v,ps) < dapv,) (v, pi) +dapv,)(pis ps) < (24k+4) +(12k+3) = 36k +7

where we used that p; Pps C G[V!] C G[V;] by the definition of V. |
We now show that all components of G—V"", i.e. those in C, are path-like.

CLAIM 6.7. — Let C be a component in C. Then there is an honest
decomposition of G[V (C)UV;] modelled on a path Q of radial width at most
54k 4 8 and radial spread at most 12k + 2 such that the bag corresponding
to the last node of ) contains Vi, and Vs only meets bags assigned to nodes
of distance at most 6k to the last node of Q.

Innov. Graph Theory 3, 2026, pp. 207-246



ON PATH-DECOMPOSITIONS INTO PARTS OF SMALL RADIUS 241

Proof. The reader may look at Figure 6.1 to follow the proof more easily.
Let go be a vertex of C' of maximal distance from P. Since C € C the
vertex qo has distance at least 24k + 5 from P. Let Q = ¢p...q¢ be a
shortest path in G from ¢p to P (so @ is geodesic in G). Note that C' is
contained in a component of G — G’, and thus @ ends in a vertex p; = g,
with s—12k—3 < t < s+12k+3 by Claim 6.3. In particular 3k < t < n—3k.
Let m be the last index such that g,, ¢ G”. Then Qg,, is a shortest qo—
Ng(G")-path, and m = £ — 18k — 4.

For every 0 < i < £ we define BZ-Q to be the ball in G of radius 3k
around g;, and let Gg = G[Uf:o Bf?] We claim that every vertex of C—Gg
has distance at most 12k from gg. To see this, let C’ be any component of
C — Gg, and let C” be the component of G — G containing C’. We first
show that C” has no neighbour in Uf:3k 41 BiQ and that this in particular
implies that ¢’ = C”.

Towards a contradiction, we first assume that C” has a neighbour in
some BJQ with 3k < j < £—12k—3. Then ¢;Q has length at least 12k +4 =
4-(3k+1). So Lemma 6.1 (ii) applied to ps—sk—1Ppi+sk+1, ¢j—3k—1Q and
a shortest path from C” to g; yields that G contains a 3-quasi-geodesic
T3, W, a contradiction.

Second, suppose for a contradiction that C” has a neighbour in the set
Uf:zflzkfg BE. In addition, C" has a neighbour in Uf’io BE. Indeed, since
vertices in U525712k73 Bf) have distance at most 15k +3 < 18k +4 from P,
they are neither contained in C’ nor do they have neighbours in C’. Since
C’ C C”, this implies that C’ has no neighbours in Uf:3k+1 BZQ. As C'is
connected and contains gy € Gg, C’ has a neighbour in Gg which then has
to be contained in U?ﬁo BE. Hence, C"' also has a neighbour in Uf’io BX.

For r = 3k, mg = 3k and m; = 12k 4+ 3, we have that

—mog—mqg —2r=0—-3k—12k—-3 -6k =/0—21k —3 > 2k + 2,

so we can apply Lemma 4.4 to Q and C” to obtain a geodesic cycle of
length at least 2(2k +2) > 3k + 3, which contradicts our assumption on G.
Thus, Ng(C") C Ufﬁo BiQ. As G” is connected and contains BZQ, it follows

that C”" N G” = 0 and thus C' = C”, if G and U‘fio BE do not meet.

3

Indeed, suppose for a contradiction that G” and Uiio BZQ meet in a

vertex v. Then
da (P, q0) < de(P,v) +dg(v,q:) +dc(gi, q0) < 18k +4+ 3k + 3k = 24k +4,

which contradicts the choice of ¢g.
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We can now show that all vertices in €’ have distance at most 12k
from ¢g. For this, consider the induced subgraph of G on the vertex set
V(G")UV(C). In this graph, go has maximal distance from P and thus we
can apply Lemma 4.9 to the shortest gqo — P path Q, r = 3k, £ = 3k and
the component C’. So every vertex in C’ has distance at most 9% from Q.
As every shortest C'—Q path ends in some ¢; with 7 < 3k, this implies that
every vertex in C’ has distance at most 12k from qo.

Now we obtain a path-decomposition of G[V(C) U V] as follows. In a
first step, for ¢ < £ we define

Ul := U B]Q.

q;€Bq(q:,3k+1)

By Lemma 4.2, the U] are the bags of a -decomposition of G of radial
spread at most 4 - (3k) + 2 = 12k + 2; and every vertex in any U/ has
distance at most 6k + 1 from ¢; in G[U]].

In a second step, for Q" = Qg , we define a Q*-decomposition of G, UC
where G¢, := G[U;’;EBICJr1 BlQ] For that, we let U/’ := U/ for 1 < i < m.
The neighbourhood of every component of C'— G, is contained in U}, so we
can just add its vertices to Uj: let U{’ be the union of U} and all vertices of
components of C' — G¢. By construction Uj has radius at most 12k. Then
the U/’ are the bags of a @*-decomposition of GHUC. Indeed, every vertex
of C — G is contained in Uy by definition, and every vertex of C' NGy is
contained in G7, since all vertices in Uf:m 3k BiQ have distance at most
18k + 3 from P and are thus not contained in C. Moreover, (Q*,U") has
radial width at most 12k and radial spread at most 12k + 2.

We now restrict the bags U/ to C and add V; to all U}’ with i > m — 6k,
i.e. weset U; := (U/NV(C)) for i < m—6k and U; := (U/'NV(C))UVj for
all i = m — 6k. To verify that (Q*,U) is a decomposition of G[V (C) U V],
it suffices to show that Ng(G — C) C U,.

For this, let v € Ng(G — C) C V(C) be given, and let w be a neighbour
of vin G—C. As C is a component of G — G”, this means that w € G”. As
we have already seen above, no component of C'— G has neighbours in G”,
so v € Gq, which in particular implies that v € G7). If v € U:’;ﬁf;klfl Bl-Q,

then v € U, by construction. So we may assume that v € BJQ for some
7 < m — 3k — 1. But this implies that ¢y has distance at most

dc(qo,45) + da(qj,v) + da(v,w) + dg(w, P)
<(m—3k—2) +3k+1+(18k+4) =m+ 18k +3 </

from P, which contradicts that @ is a shortest go—P path.
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Hence, (Q*,U) is a path-decomposition of G[V(C)UV;], and it has radial
spread at most 12k + 2 by construction. Moreover, it has radial width at
most 54k + 8: Let i < m and let v € U;. If i < m — 6k, then, since Q* C C
is a shortest ¢qo—Ng(G — C) path in G and G[U/] has radius at most 12k,
we have U; = U/ and hence G[U;] has radius at most 12k. Now suppose
that ¢ > m — 6k. If v € Vj, then v has distance at most 36k + 7 from ps by
Claim 6.6. Otherwise, if v € U; \ Vi then

daw,) (v, ps) < dew,)(v, @) + daw, (@i @m) + da,)(@m, Ps)
< 12k + 6k + (36k + 8) = 54k + 8,

where we used that ¢;Qq¢,, C G[U;] by definition, that ¢,, € Ng(V!) C V;
by Claim 6.5, and that every vertex in V; has distance at most 36k + 7
from ps by Claim 6.6. |

We now combine these path-decompositions of the components of G—V""
with the path-decomposition (P,V) of G'" to a star-decomposition of G.
For this, recall that by Claim 6.6, (P, V) is a path-decomposition of G of
radial width at most 36k + 7 and radial spread at most 24k + 5. Moreover,
the components in C are precisely the components of G — V', For every
component C' € C, Claim 6.7 guarantees the existence of a decomposition
(Qc,Uc) of C modelled on a path Q¢ of radial width at most 54k + 8 and
radial spread at most 12k + 2 such that the bag in Uc corresponding to the
last vertex of Q¢ contains V.

We obtain a subdivided star S from the disjoint union of P and the Q¢
by adding edges from the last vertices of the Q¢ to ps. Now every vertex h
of S already has a bag, which we denote by V},, in exactly one of the path-
decompositions (P, V) or (Q¢,Uc). It is straightforward to check that (S, V)
is a star-decomposition of G and that is radial width is at most 54k + 8.
Moreover, its radial spread is at most (24k +5) 4+ 1+ 6k = 30k + 7, as only
vertices in V5 may lie in more than one decomposition of the form (P,V)
or (Q¢,V). This completes the proof. O

We remark that the proof actually yields that the subdivided star S is
(1,60k + 14)-quasi-isometric to G (where we may choose ¢(h) = h for all
vertices h of S as V(S) C V(G) by construction). Here is a hint for the
proof: The proof of Section 6 shows that all vertices in G have distance at
most 58k + 9 < 60k + 14 from some vertex of S. Moreover, since P and all
paths Q¢ are geodesic in G, it remains to check the distances of vertices
h,h’ of S that lie on distinct such paths. Assume h € V(Q¢) and b/ €
V(Qc:) (h € V(Q¢) and b’ € V(P) is similar). Then dg(h,h") < dg(h, h')
as Q¢ C C is a shortest path in G between its first vertex and Ng(G — C).
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Also, dg(h, 1) < ds(h, ps) + da(Na(G — C), Na(G — C")) + ds(ps, I) =
ds(h,h') + 60k + 14 since p, is the centre of the subdivided star S and
because dg(Ng(G — C),Ng(G—C")) <2-(18k +4) + 2 (12k + 3) follows
from the fact that C,C’ are components of G — V" = G — Bg(P, 18k + 4)
and from Claim 6.3.
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