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BULL-FREE GRAPHS AND y-BOUNDEDNESS

by Sepehr HAJEBI

ABSTRACT. — A bull is a graph obtained from a four-vertex path by adding a
vertex adjacent to the two middle vertices of the path. A graph G is bull-free if no
induced subgraph of G is a bull. We prove that for all k,¢ € N, if G is a bull-free
graph of clique number at most k and every triangle-free induced subgraph of G
has chromatic number at most ¢, then G has chromatic number at most k©(os?),
We further show that the bound k€98 is best possible up to a multiplicative
constant in the exponent.

Thomassé, Trotignon, and Vuskovié¢ (2017) were the first to give a bound of the
form 2P1°8P  where p = O(k? +t), with a proof that uses Chudnovsky’s structure
theorem for bull-free graphs. This was improved by Chudnovsky, Cook, Davies,
and Oum (2026) to a bound of the form EO®) | with a 10-page proof that again
relies heavily on Chudnovsky’s structure theorem.

Our proof is a single page long and completely avoids the structure theorem,
instead using only a result of Chudnovsky and Safra (which itself has a short proof).

1. Introduction

We denote the set of all positive integers by N. Graphs in this paper
have finite vertex sets, no loops, and no parallel edges. Given a graph
G = (V(G), E(G)), the chromatic number and the clique number of G are
denoted, respectively, by x(G) and w(G). A graph class C is hereditary if C is
closed under taking induced subgraphs, and C is (polynomially) x-bounded
if there is a (polynomial) function f : N — N such that x(G) < f(w(G)) for
every G € C. The study of y-bounded classes is a central topic in structural
graph theory; see [15, 16] for surveys. This work focuses on x-boundedness
in the class of bull-free graphs. A bull is a graph obtained from a four-
vertex path by adding a vertex adjacent to the two middle vertices of the
path. A graph G is bull-free if no induced subgraph of G is a bull.
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The class of bull-free graphs is not x-bounded since triangle-free graphs
are bull-free, and there are triangle-free graphs of arbitrarily large chro-
matic number [13]. Thomassé, Trotignon, and Vuskovié¢ [17] proved that
the latter is in fact the only obstruction to y-boundedness for bull-free
graphs. For all t € N, let B, be the class of all bull-free graphs in which
every triangle-free induced subgraph has chromatic number at most .

THEOREM 1.1 (Thomassé, Trotignon, Vuskovié; [17, 8.1 and 8.2]). —
Forallt € N, every graph G € B, satisfies x(G) < p? withp = O(w(G)?+t).

One motivation for Theorem 1.1 was a conjecture [14] that every hered-
itary class in which triangle-free graphs have bounded chromatic number
is x-bounded. This was later refuted by Carbonero, Hompe, Moore, and
Spirkl [3]. Soon after, Brianiski, Davies, and Walczak [2] adapted the method
of [3] and disproved another conjecture, due to Esperet [11], that every
x-bounded hereditary class is polynomially x-bounded. Recently, Chud-
novsky, Cook, Davies, and Oum [8] proved that Esperet’s conjecture holds
in the class of bull-free graphs (they also proved the same for several
other hereditary classes, yet declared bull-free graphs as “the most diffi-
cult case” [8]). In fact, they proved the following:

THEOREM 1.2 (Chudnovsky, Cook, Davies, Oum; [8, 1.2(v)]). — For all
t € N, the class B; is polynomially x-bounded.

The proofs of both Theorem 1.1 and Theorem 1.2 rely on the structure
theorem for bull-free graphs. This is a difficult result due to Chudnovsky,
whose statement alone requires several pages of definitions, and whose proof
is spread across a series of four papers [4, 5, 6, 7]. The proof of Theorem 1.2,
in particular, takes over 10 pages and uses several results from [4, 5, 6, 7]
on the structure of bull-free graphs and “trigraphs.” As for the bound, it is
mentioned in [8] that a careful analysis of their proof gives x(G) < w(G)°®
for all G € B;.

Our main result is the following strengthening of Theorem 1.2:

THEOREM 1.3. — We have x(G) < w(G)*1°8+13 for allt € N and every
graph G € B;.

This has two advantages. First, the proof is a single page long. It en-
tirely bypasses the material from [4, 5, 6, 7] and combines only one result
of Chudnovsky and Safra [10] (which has a proof no longer than five pages)
with a “layering argument.” We remark that it is quite unusual for a layer-
ing proof to yield polynomial bounds. Second, not only does Theorem 1.3
give an exponential improvement in the degree of the polynomial bound
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claimed in [8], it turns out that logarithmic degree in ¢ is asymptotically
best possible:

THEOREM 1.4. — For all t € N, every polynomial x-bounding function
for B, has degree larger than % logt.

We will prove Theorem 1.3 and Theorem 1.4 in Sections 2 and 3, respec-
tively.

2. The upper bound

Let G be a graph. For X C V(G), we use X to denote both the set
X and the induced subgraph of G with vertex set X. For v € V(G), we
write Nx(v) for the set of all neighbors of v in X. We say that X is a
homogeneous set in G if 1 < |X| < |V(G)| and for every v € V(G) \ X,
either Nx(v) = X or Nx(v) = @. We say that G is prime if there is no
homogeneous set in G. Recall that a graph G is perfect if x(H) < w(H)
for every induced subgraph H of G. We say that GG is N-perfect if for every
v € V(G), either Ng(v) or G\ Ng(v) is perfect. Observe that every induced
subgraph of an N-perfect graph is also N-perfect.

We only use one result on the structure of bull-free graphs, which has a
fairly short proof:

THEOREM 2.1 (Chudnovsky and Safra; [10, 1.4 and 4.3]). — Every
prime bull-free graph is N-perfect.

We also need the following. A similar result from [9] was also used in [8]
to prove Theorem 1.2.

THEOREM 2.2 (Bourneuf and Thomassé; [1, 6.1]). — Let C be a hered-
itary class and let k € N such that x(G) < w(G)* for every prime graph
G € C. Then x(G) < w(G)?:*3 for every graph G € C.

We are now ready to prove our main result:

Proof of Theorem 1.3. — We may assume that ¢t > 2 (because x(G) =
w(G@) =1 for all G € By). By Theorem 2.1 and Theorem 2.2, it suffices
to show that x(G) < w(G)2°8*> for every N-perfect graph G € B;. The
proof is by induction on w(G), and we may assume that w(G) > 2 and
G is connected. Suppose that G \ Ng(u) is perfect for some v € V(G).
Since w(Ng(u)) < w(G) — 1, it follows from the inductive hypothesis that
X(Na(u)) < (w(G)=1)?18 5. But now x(G) < (w(G)—1)*1 5 +w(G) <
w(G)?et+5 a5 desired.
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Henceforth, assume that Ng(u) is perfect for all u € V(G). Let v € V(G)
be fixed. For each r € NU {0}, let L, be the set of all vertices at distance
exactly r from v in G. Note that Ly = {v} and L1 = Ng(v) (and L, = &
for all sufficiently large r).

(1) Letr € N, let H be a prime induced subgraph of L,, and let x €
L,_q. Then either Ny(x) = H or Ng(x) is a stable set.

If r = 1, then x = v and Ny (x) = Ny (v) = H. Assume that r > 2. Then
x has a neighbor y € L,_5. Suppose for a contradiction that | Ny (z)| < |H|
and Ng(z) is not a stable set. Then Ngy(x) has a component K with
1 < |K| < |Ng(x)| < |H]|. Since K is not a homogeneous set in H, there is
a vertex in H \ K with both a neighbor and a non-neighbor in K. Since K is
a component of Ny (x), there is a vertex w € H\ Ny (z) as well as distinct
and adjacent vertices u,u’ € K such that vw € E(G) and v'w ¢ E(G). But
now {u, v, w,z,y} induces a bull in G, a contradiction. This proves (1).

(2)  For every r € NU {0}, we have x(L,) < w(G)?1o8t+4,

This is immediate for r € {0,1} because L, is perfect. Assume that
r > 2. For every a € {1,...,r}, we define S¢,.. .,SZ(G) C L, recursively,
as follows. For a = 1, let Si,..., Sj}(G) C L; be (possibly empty) stable sets
with union L;, which exist since Ly = Ng(v) is perfect. For a € {2,...,1},
having defined S{™1, ..., Sg(—é) C La-1, let S¢, for each b € {1,...,w(G)},
be the set of all vertices in L, with a neighbor in Sg_l. Note that for
every a € {1,...,r}, the sets Sf,...,SZ(G) C L, have union L,. So in
order to prove (2), it is enough to show that x(Sy) < w(G)?°8+3 for every
be{l,...,w(G)}. To that end, by Theorem 2.2/ it suffices to show that
every prime induced subgraph H of S} C L, satisfies x(H) < w(H)"°8t. If
w(H) < 1, then x(H) < 1. So assume that w(H) > 2. Also, if there is a
vertex & € L,._1 for which Ny (z) = H, then H is perfect and we are done
(because t > 2). Thus, by (1), we may assume that Ny (z) is stable for every
x € L,_1. We claim that w(H) = 2. Suppose not. Then there is a triangle
{u1,us,u3} in H. For each i € {1,2,3}, choose a neighbor z; € S; ' C
L,_; of u;; note that u; is the only neighbor of z; in {u,us,us} because
Np(z;) is stable. In particular, x1,z9,23 are pairwise distinct. If there
are distinct ¢,j € {1,2,3} for which z;x; ¢ E(G), then {u,us,us, x;, x;}
induces a bull in G, a contradiction. So {z1,x2,23} C 5571 C L,_; is
a triangle in G. Since S} is stable, it follows that r > 3, which in turn
implies that z; has a neighbor y € L,._o, and y has a neighbor z € L, _3.
Now, if zay, 23y ¢ E(G), then {ug, z1,x2,23,y} induces a bull in G, and
if z;y € E(G) for some i € {2,3}, then {uy,z1,2;,y, 2} induces a bull in
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G, a contradiction. The claim that w(H) = 2 follows. Since G € B; and
w(H) = 2, it follows that y(H) < t = w(H)'°8*. This proves (2).

Note that x(G) < 2max,>¢ x(Lr) because G is connected. Hence, by (2)
and since w(G) > 2, we have x(G) < w(G)21o8t+5, O

3. The lower bound

The proof of Theorem 1.4 uses the “Mycielski construction” [13], which
yields a sequence {M,},>0 of graphs such that for each n € N, we have
w(M,) = 2 and x(M,) = n+ 1 (the construction is well-known and we
do not need the definition). There is also a beautiful recursion for the
“fractional chromatic number” of the Mycielski graphs [12] (again, we do
not need the definition of the fractional chromatic number). For each n € N,
let ¢, be the fractional chromatic number of M,,.

THEOREM 3.1 (Larsen, Propp, Ullman [12]). — We have ¢ = 2 and
i1 = ¢n + ¢, for every n € N.

COROLLARY 3.2. — For every n € N, we have ¢,, > 1/2(n + 1).

Proof. — This is clear for n = 1. Assume that n > 2. Then by Theo-
rem 3.1, we have

n—1 n—1
R =i+ Y (B —0F) =4+ > (2+6:2)
k=1 k=1
>4+42n—-1)=2(n+1). O

Let G; and G5 be graphs with disjoint non-empty vertex sets, and let
x € V(G1). A graph G is obtained by substituting Go for x in Gy if V(G) =
(V(G1)\ {z}) UV (G2), and the following hold:
e For all u,v € V(Gy) \ {2}, we have wv € E(G) if and only if
wv € E(Gy).
e For all u,v € V(Gz), we have uv € E(G) if and only if uv € E(G).
e Each vertex v € Ng, () is adjacent in G to all vertices in V(Ga).
e Each vertex v € V(G1) \ (Ng, () U{x}) is non-adjacent in G to all
vertices in V(Ga).
In particular, if [V (G1)| = 1, then G = Gy, if |V(G2)| = 1, then G = Gy,
and if |[V(G1)|,|[V(G2)| > 1, then V(G2) is a homogeneous set in G. Given
a graph class C, we write C* for the closure of C under disjoint union and
substitution. Observe that if C is hereditary, then so is C*.
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THEOREM 3.3 (Chudnovsky, Penev, Scott, Trotignon; [9, 2.4]). — Let
d € N and let H be a triangle-free graph of fractional chromatic number
larger than 2¢. Let C be the union of the class of all induced subgraphs of
H and the class of all complete graphs. Then every polynomial x-bounding
function for C* has degree larger than d.

We now prove Theorem 1.4:

Proof of Theorem 1.4. — The result is immediate for ¢ = 1. Assume
that ¢ > 2. Let f be a polynomial y-bounding function for B; of degree
6 € N. Let Z be the class of all induced subgraphs of M;_; and let C be
the union of Z and the class of all complete graphs.

Observe that C is hereditary, and so C* is hereditary. Also, every graph
in C is bull-free. Since a bull is connected and has no homogeneous set,
it follows that every graph in C* is bull-free. Moreover, since Z is exactly
the class of all triangle-free graphs in C, it follows that the class of all
triangle-free graphs in C* is exactly the closure of Z under disjoint union
and substitution of stable sets for vertices. Since x(M;—1) = t > 2, it
follows that x(G) < t for every triangle-free graph G € C*. We deduce that
C* C B¢, and so f is a polynomial x-bounding function for C*.

On the other hand, by Corollary 3.2, we have ¢p_1 > /2t = 2z(egt+1) >
9lzlost] Hence, by Theorem 3.3, we have § > |1logt], and thus § > Llogt
since ¢ is an integer. O

Acknowledgement

Our thanks to Sophie Spirkl for helpful feedback.
BIBLIOGRAPHY

[1] R. BOURNEUF & S. THOMASSE, Bounded twin-width graphs are polynomially x-
bounded, Adv. Comb. (2025), article no. 2 (19 pages), https://doi.org/10.19086/
aic.2025.2.

[2] M. BriaKski, J. Davies & B. WALCZAK, Separating polynomial x-boundedness
from x-boundedness, Combinatorica 44 (2024), no. 1, p. 1-8, https://doi.org/
10.1007/s00493-023-00054-3.

[3] A. CARBONERO, P. HOMPE, B. MOORE & S. SPIRKL, A counterexample to a conjec-
ture about triangle-free induced subgraphs of graphs with large chromatic number,
J. Comb. Theory, Ser. B 158 (2023), p. 63-69, https://doi.org/10.1016/j.jctb.
2022.09.001.

[4] M. CHUDNOVSKY, The structure of bull-free graphs I—Three-edge-paths with cen-
ters and anticenters, J. Comb. Theory, Ser. B 102 (2012), no. 1, p. 233-251,
https://doi.org/10.1016/7.jctb.2011.07.003.

, The structure of bull-free graphs II-Elementary trigraphs, 2012, Available
online in the Supplementary material of [7].

(5]

Innov. Graph Theory 3, 2026, pp. 247-253


https://doi.org/10.19086/aic.2025.2
https://doi.org/10.19086/aic.2025.2
https://doi.org/10.1007/s00493-023-00054-3
https://doi.org/10.1007/s00493-023-00054-3
https://doi.org/10.1016/j.jctb.2022.09.001
https://doi.org/10.1016/j.jctb.2022.09.001
https://doi.org/10.1016/j.jctb.2011.07.003

BULL-FREE GRAPHS AND x-BOUNDEDNESS 253

, The structure of bull-free graphs III-Global structure, 2012, Available on-
line in the Supplementary material of [7].

, The structure of bull-free graphs II and III—A summary, J. Comb. Theory,
Ser. B 102 (2012), no. 1, p. 252-282, https://doi.org/10.1016/j.jctb.2011.07.
002.

M. CHUDNOVSKY, L. Coox, J. DAVIES & S.-1. OuM, Reuniting x-boundedness with
polynomial x-boundedness, J. Comb. Theory, Ser. B 176 (2026), p. 30-73, https:
//doi.org/10.1016/j.jctb.2025.08.002.

M. CHUDNOVSKY, I. PENEV, A. SCOTT & N. TROTIGNON, Substitution and x-
boundedness, J. Comb. Theory, Ser. B 103 (2013), no. 5, p. 567586, https:
//doi.org/10.1016/j.jctb.2013.02.004.

M. CHUDNOVSKY & S. SAFRA, The Erdés—Hajnal conjecture for bull-free graphs, J.
Comb. Theory, Ser. B 98 (2008), no. 6, p. 1301-1310, https://doi.org/10.1016/
j-jctb.2008.02.005.

L. ESPERET, Graph colorings, flows and perfect matchings, 2017, habilitation thesis,
Univ. Grenoble Alpes.

M. LARSEN, J. PROPP & D. ULLMAN, The fractional chromatic number of Myciel-
ski’s graphs, J. Graph Theory 19 (1995), no. 3, p. 411-416, https://doi.org/10.
1002/jgt.3190190313.

J. MyCIELSKI, Sur le coloriage des graphs, Collog. Math. 3 (1955), p. 161-162,
https://doi.org/10.4064/cn-3-2-161-162.

J. NESETRIL, Teorie graft, Vyd. 1. Praha: Stdtni Nakladatelstvi Technické Liter-
atury (1979).

A. ScotT, Graphs of large chromatic number, in ICM—International Congress of
Mathematicians. Vol. 6. Sections 12—-14, EMS, 2023, p. 4660—-4680.

A. ScoTT & P. SEYMOUR, A survey of x-boundedness, J. Graph Theory 95 (2020),
no. 3, p. 473-504, https://doi.org/10.1002/jgt.22601.

S. THOMASSE, N. TROTIGNON & K. VUSKovi¢, A polynomial Turing-kernel for
weighted independent set in bull-free graphs, Algorithmica 77 (2017), no. 3, p. 619—
641, https://doi.org/10.1007/s00453-015-0083~x.

Manuscript received 28th April 2025,
accepted 19th June 2026.

Sepehr HAJEBI
Department of Combinatorics and Optimization,
University of Waterloo

shajebi@Quwaterloo.ca

© The author, 2026
This article is licensed under the

CREATIVE COMMONS ATTRIBUTION 4.0
INTERNATIONAL LICENSE.
http://creativecommons.org/licenses/by/4.0/

4 Innovations in Graph Theory
> is a member of the Mersenne
Center for Open Publishing
ISSN: 3050-743X

MERSENNE

Innov. Graph Theory 3, 2026, pp. 247-253


https://doi.org/10.1016/j.jctb.2011.07.002
https://doi.org/10.1016/j.jctb.2011.07.002
https://doi.org/10.1016/j.jctb.2025.08.002
https://doi.org/10.1016/j.jctb.2025.08.002
https://doi.org/10.1016/j.jctb.2013.02.004
https://doi.org/10.1016/j.jctb.2013.02.004
https://doi.org/10.1016/j.jctb.2008.02.005
https://doi.org/10.1016/j.jctb.2008.02.005
https://doi.org/10.1002/jgt.3190190313
https://doi.org/10.1002/jgt.3190190313
https://doi.org/10.4064/cm-3-2-161-162
https://doi.org/10.1002/jgt.22601
https://doi.org/10.1007/s00453-015-0083-x
mailto:shajebi@uwaterloo.ca
http://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. The upper bound
	3. The lower bound
	Acknowledgement

	Bibliography

